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ABSTRACT
Our recent construction arXiv:0903.3966 for the fuzzy 2-sphere in terms of bifundamentals, discovered
in the context of the ABJM model, is shown to be explicitly equivalent to the usual (adjoint) fuzzy
sphere construction. The matrices G˜α that define it play the role of fuzzy Killing spinors on the 2-
sphere, out of which all spherical harmonics are constructed. Starting from the quadratic fluctuation
action around these solutions in the mass-deformed ABJM theory, we recover a supersymmetric D4-
brane action wrapping a 2-sphere, including fermions. We obtain both the usual D4 action with an
unusual x-dependence on the sphere, as well as a twisted version in terms of the usual x-dependence,
and contrast our result with the Maldacena-Nu´n˜ez case of a D5 wrapping an S2. The twisted and
unwisted fields are related by the same matrix G˜α.
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1 Introduction
The construction of worldvolume theories potentially capturing the dynamics of multiple M2-branes
have recently received much attention. Motivated in part by the proposed BPS equation for M2⊥M5
systems of Basu-Harvey [1] (corresponding to a ‘fuzzy funnel’) and the work of Schwarz [2], Bagger-
Lambert and independently Gustavsson (BLG) [3–6] proposed a maximally (N = 8) supersymmetric
theory in 2+1 dimensions based on a general 3-algebra. It was subsequently proved that for positive
definite 3-algebra metric, the only possibility is the four-dimensional 3-algebra or A4-theory [7, 8],
which was reformulated by Van Raamsdonk in terms of a conventional Chern-Simons (CS) field
theory with gauge group SU(2)k × SU(2)−k and bifundamental matter fields [9]. Using the novel
Higgs mechanism of [10]1 it was initially conjectured that this theory describes 2 M2-branes on some
exotic orbifold of M-theory [12, 13]. Subsequently, and also following developments in supersymmetric
1See also [11] for earlier work.
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2+1d CS theories [14, 15], Aharony, Bergman, Jafferis and Maldacena (ABJM) [16] concretely realised
the above ideas in the form of a U(N)k ×U(N)−k Chern-Simons gauge theory with bifundamentals
as the low-energy limit for the theory of N M2-branes living on a C4/Zk transverse space, with the
trade-off of reducing the supersymmetry from N = 8 to N = 6. In the case of CS level k = 1, 2
the supersymmetry is expected to get enhanced back to N = 8 and this has been recently confirmed
explicitly with the use of monopole operators [17–19]. The implications of the ABJM model in the
context of AdS4/CFT3 generated great interest, that however we will not review here. The theory
was extended to an U(N)×U(M) gauge group in [20, 21]. Based on the maximally supersymmetric
massive deformation of BLG defined in [5, 21, 22], a maximally supersymmetric massive deformation
of ABJM was given in [23] by Gomis, Rodr´ıguez-Go´mez, Van Raamsdonk and Verlinde (GRVV), the
ground state of which is a fuzzy sphere solution expected to describe a configuration of M2-branes
blowing up into spherical M5-branes through the Myers effect [24]. At k = 1 these solutions should
have a dual description in terms of the 12 -BPS M-theory geometries with flux found in [25, 26].
The original motivation for the latter developments, i.e. the hope of explicitly describing a BPS
fuzzy 3-funnel for M2⊥M5 systems in the pure (undeformed) ABJM theory, or the fuzzy 3-sphere for
M2-M5 bound states in the case of the massive deformation, turned out to be unfounded. Indeed, in
[27] it was shown that, at least in perturbation theory where the ABJM coupling λ = Nk is small, the
particular gauge theory solution for N > 2 (and thus also in the classical, large-N limit) ‘deconstructs’
a fuzzy 2-sphere instead of a fuzzy 3-sphere.2 This is a natural expectation, as these configurations
were found to sport only an SU(2) symmetry, to be contrasted with the SO(4)-covariant fuzzy 3-
sphere construction of Guralnik-Ramgoolam [28–30]. Furthermore, the bosonic part of the action for
small fluctuations was also found to be consistent with a fuzzy 2-sphere. Only when N = 2, the case
of the ‘fuzziest’ (most quantum) sphere, corresponding to the A4 BLG model, is the SO(4) symmetry
manifest and thus the solution could be interpreted as a (very fuzzy) 3-sphere. Unfortunately, no
classical limit is possible in that example, as N is fixed.
The above results are obtained at finite N, k. For the classical (large-N) limit, the brane inter-
pretation, as given in [27], is that in perturbation theory one is forced by the classical (large-N) limit
to also consider k large. Then, one descends from M-theory down to type IIA, as the M5 wrapping
an S3 modded out by the Zk action of the C
4/Zk target space is reduced to a D4 wrapping an S
2;
this is realised as the S1/Zk →֒ S3/Zk π→ S2 Hopf fibration, with the S1 fibre shrinking k times, and
hence to zero in the k →∞ limit. Note in the k = 1, 2 case it should be possible to take the classical
large N limit in a different way so that a 3-sphere does emerge, but this would be a construction for
solutions carrying nonperturbative charges, like e.g. the ones studied recently in [31], which we cur-
rently lack the tools to analyse. Conceivably, the presence of the monopole operators, which enhance
supersymmetry from N = 6 to N = 8, could also enhance the fuzzy sphere symmetry to SO(4). For
k > 2 and fixed however, it is hard to see how nonperturbative effects could change the symmetry of
the fuzzy sphere.
The fuzzy 2-sphere construction that appears in the above systems, as the (fuzzy) base of the
Hopf fibration, is an interesting new model emerging out of bifundamental instead of the usual
adjoint matrices. It should have wider applicability, in the context of general quiver gauge theories
2Note that this means that at finite k > N > 2, only nonperturbative effects could turn the fuzzy 2-sphere into a
fuzzy 3-sphere, and it is difficult to see how that can happen.
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with bifundamental matter that admit fuzzy sphere solutions, as can also be seen in [32].
In this work we continue the study of this bifundamental fuzzy 2-sphere realisation and its role
in the ABJM model. We first set out to understand if this construction, based on the ‘GRVV
algebra’,3 is indeed equivalent to the usual one in terms of the SU(2) algebra. We will find that there
is indeed a one-to-one correspondence between the representations of the SU(2) algebra Ji and the
representations in terms of bifundamental matrices G˜α satisfying the matrix equation of [23]. We
will then relate this statement to the fact that the fuzzy supersphere of [35] is equivalent to the usual
bosonic fuzzy sphere. In [27], the relation between the matrices satisfying the GRVV algebra, and
the matrix coordinates Ji satisfying the SU(2) algebra, was the quantum (discretised) equivalent of
the first Hopf map. Starting from this point we propose that the objects G˜α defined on the fuzzy
2-sphere should be thought of as fuzzy versions of the Killing spinors on S2.
Another issue that we wish to explore is the realisation of (twisted) supersymmetry in the context
of the (fuzzy) 2-sphere as a solution to ABJM. In [27] we obtained the large-N action for small
bosonic fluctuations on the 2-sphere. Here we complete the calculation by presenting the fermionic
part of the fluctuation action, while obtaining some interesting subtleties. For the bosonic action,
twisting the fields on the 2-sphere was a choice, and it was argued that the bosonic scalars transverse
to the sphere should be related to 2-sphere twisted-spinors. However, the issue of twisting is tied in
with the issue of supersymmetry. In this work we find that if one does not twist the fields on the
sphere the action possesses a peculiar kind of x-dependence and supersymmetry, but if one twists
the fields the x-dependence and supersymmetry are easy to understand. An interesting difference
related to supersymmetry, that was not evident while studying the bosonic part of the fluctuation
action, emerges between the fermionic pieces of the fuzzy sphere and the fuzzy funnel configurations.
We also contrast our results with the previously analysed case of [36], for the ‘deconstruction’ of a
Maldacena-Nu´n˜ez-type twisted compactification on S2 from the Polchinski-Strassler (N = 1∗) 3+1d
gauge theory [37].
The rest of this paper is organised as follows. In Section 2, we review the fuzzy S2 construction in
terms of bifundamental matrices, as described in [27]. In Section 3, we prove the equivalence of this
and the adjoint constructions in terms of the SU(2) algebra, and discuss its implications for the fuzzy
supersphere. In Section 4, we identify the GRVVmatrices as fuzzy versions of Killing spinors on S2. In
Section 5, we proceed to find the supersymmetric D4-brane action for small fluctuations, both without
and with a twisting of the fields on the sphere. We then compare with the deconstruction of the
Maldacena-Nu´n˜ez-type twisted compactification on S2, as well as with the fuzzy funnel configuration.
In Section 6 we conclude with a discussion, while in the Appendices we provide useful identities and
conventions.
2 Review of fuzzy S2 construction from ABJM
We start by reviewing the fuzzy S2 construction obtained in [27] by studying the ground state
solution of the maximally supersymmetric massive deformation of the ABJM model as given in [23].
3The same defining matrix equation for the fuzzy sphere appears while looking for BPS/ground state solutions in
the pure/mass-deformed ABJM theory. We will refer to it as the GRVV algebra throughout the rest of this paper. This
equation first appeared as a BPS condition in [33], while its relation to the M2-M5 system was also investigated in [34].
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Similarly, one can obtain the BPS fuzzy funnel for the pure ABJM model in terms of the above
solution, through the replacement of the mass deformation parameter µ with 12s , where s is an M2
worldvolume coordinate along which the funnel grows into the M5. Although we have so far found no
differences between the fuzzy sphere and fuzzy funnel solutions in the bosonic sector, we will see in
Section 5 that the actions for fluctuations diverge in their fermionic part. This is as expected, since
the funnel preserves half the amount of supersymmetry compared to the sphere.
Looking for ground-state/12 -BPS solutions in the mass-deformed/pure ABJM theory leads to a
simple set of solutions with Rα = fGα, Qα˙ = 0, where CI = (Rα, Qα˙) form the 4 complex scalars of
the ABJM model. Here f = kµ2π for the sphere and f =
k
4πs for the 2-funnel. With the replacement
Rα = fGα, both the fuzzy sphere solution of the mass deformed theory and the fuzzy funnel solution
of pure ABJM give the same equation for Gα. We will take this as the defining equation (‘algebra’)
for this bifundamental fuzzy S2 construction, analogous to the SU(2) algebra relations for the usual
fuzzy 2-sphere in terms of adjoint matrices.
This BPS/ground state matrix equation for Gα is
−Gα = GβG†βGα −GαG†βGβ . (2.1)
It is solved by the irreducible matrix representation Gα = G˜α of [23],
(G˜1)m,n =
√
m− 1 δm,n
(G˜2)m,n =
√
(N −m) δm+1,n
(G˜†1)m,n =
√
m− 1 δm,n
(G˜†2)m,n =
√
(N − n) δn+1,m . (2.2)
Since the Gα’s transform in the bifundamental of the U(N)×U(N¯) gauge group of ABJM, they are
N × N¯ matrices. Equivalently, the G†α’s are N¯ ×N matrices. Defining the U(2) symmetry generators
Jαβ = G
αG†β and J¯α
β
= G†αGβ , one can extract the usual SU(2) components by considering
Ji = (σ˜i)
α
βG
βG†α = (σ˜i)
α
βJ
β
α ≡ (σi)βαJβα
J¯i = (σ˜i)
α
βG
†
αG
β = (σ˜i)
α
βJ¯α
β ≡ (σi)βαJ¯α β . (2.3)
We note that the Ji act on an N -dimensional vector space, which is an irreducible representation of
SU(2) and we call V+, while J¯i act on an N -dimensional vector space V
− = V −N−1 ⊕ V −1 , which is a
reducible representation of SU(2), as the sum of an (N − 1)- and a 1-dimensional representation with
an element E11, acting on |e−1 〉 [27].
One easily finds that the Gα, as well as all bifundamental fields, transform under the combined
action
JiG
α −GαJ¯i = (σ˜i)αβGβ . (2.4)
As a result, a single, diagonal SU(2) subgroup survives as a symmetry of the system.
In the classical limit (N → ∞), xi = Ji√N2−1 and x¯i =
J¯i√
(N−1)2−1 play the role of the same
Euclidean coordinate on the 2-sphere. Then the defining relation (2.3) becomes xi = x¯i = g
†
α(σ˜i)
α
βg
β .
If gα are classical limits of general solutions of (2.1), satisfying only gαg†α = 1, then the relation is
the usual first Hopf map S3
π→ S2, from the 3-sphere gαg†α = 1 onto the 2-sphere xixi = 1. However,
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since in (2.2) one has G˜1 = G˜†1, the irreducible GRVV matrices actually encode three real degrees of
freedom, appropriate for an S2, as opposed to the four needed for an S3. This is in agreement with
the expectation from the SU(2) symmetry structure. We will revisit this statement in greater detail
in Section 3.
The S2 picture can also be verified by a small fluctuation analysis around the fuzzy sphere vacuum.
In the classical limit, Ji and J¯i give not only symmetry operators, but also classical coordinates, while
their adjoint action acts like a derivation on the (fuzzy) 2-sphere
[Ji, .]→ −2iǫijkxj∂k = −2iKai ∂a , (2.5)
with Kai a set of Killing vectors on S
2, the precise definitions for which can be found in Appendix A.
The scalar matrix fluctuations on the fuzzy 2-sphere, rα = Rα − fGα, decompose as
rα = rGα + sαβG
β + Tα
sαβ =
1
2si(σ˜i)
α
β , (2.6)
where T a have only nonzero elements (Tα)iN , (T
α)Nj . Using the standard map between matrix-valued
fields on the fuzzy sphere and functions on S2, we obtain in the classical limit
si = K
a
i Aa + xiφ; T
α → 0
rα = Kai Aa
(σ˜i)
α
β
2
Gβ +
(2r + φ)
2
Gα , (2.7)
where now Aa is a gauge field on S
2. We note that one scalar degree of freedom, (2r − φ) does
not appear in the final action, as it has been ‘eaten up’ by the 2+1d gauge fields through a large-N
version of the Higgs mechanism present for CS-matter theories [10].4 The Higgsing procedure, which
renders the diagonal subgroup of the two Chern-Simons gauge fields A
(i)
µ dynamical, starts with the
redefinition
Aµ =
1
2(A
(1)
µ +A
(2)
µ )
Bµ =
1
2(A
(1)
µ −A(2)µ ) , (2.8)
after which Aµ becomes a U(1) Maxwell field on the 2-sphere, while Bµ is auxiliary and can be
integrated out. The final action for the bosonic fluctuations once again reveals the S2 structure, in
terms of the bosonic part of an abelian 4+1d YM theory wrapped on the sphere [27].
3 Equivalence of fuzzy sphere constructions and relation to fuzzy
supersphere
We now proceed to prove that the definition of the fuzzy 2-sphere in terms of bifundamentals is
equivalent to the usual definition in terms of adjoint representations of the SU(2) algebra and that it
implies the triviality of the fuzzy supersphere, in a way that we explain.
4See also [11] for earlier work.
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The matrix equation of motion for the fuzzy sphere background (2.1), can be rewritten using the
U(2) generators as
−Gα = Gβ J¯β α − JαβGβ (3.1)
and is invariant under an U(N)×U(N¯ ) gauge symmetry. This symmetry was used by [23] to fix the
irreducible G˜α matrices that solve the above Gα equation to the form given in the previous section,
which in particular has G˜1 = G˜†1.
In the ABJM Lagrangean the bifundamental scalars were interpreted as Matrix Theory versions
of Euclidean coordinates. Similarly, in the large N -limit one can write the matrices Gα → √Ngα,
with gα for the moment as some commuting classical objects, to be identified and better understood
in due course. In that limit the coordinates
xi = (σ˜i)
α
βg
βg†α
x¯i = (σ˜i)
α
βg
†
αg
β (3.2)
are two versions of the same Euclidean coordinate on the 2-sphere, xi ≃ x¯i.
Note that in the above construction the 2-sphere coordinates xi, x¯i in Eq. (3.2) are invariant under
multiplication of the classical objects gα by a U(1) phase, thus we can define objects g˜α modulo such
a phase, i.e. gα = eiα(~x)g˜α. The GRVV matrices G˜α are fuzzy versions of representatives of g˜α, chosen
such that g˜1 = g˜†1 (one could of course have chosen a different representative for g˜
α such that g˜2 = g˜†2
instead).
It is in terms of the gα’s that one has the usual Hopf map structure from the 3-sphere gαg†α = 1
onto the 2-sphere xixi = 1. In this picture, the phase is simply the coordinate on the U(1) fibre of
the Hopf fibration, while the g˜α’s are coordinates on the S2 base. While gα are complex coordinates
acted upon by SU(2), the g˜α are real objects acted upon by the spinor representation of SO(2), so
they can be thought of as Lorentz spinors in two dimensions, i.e. spinors on the 2-sphere. This will
become very important in Section 4.
The fuzzy version of the full Hopf map, Ji = (σ˜i)
α
βG
βG†α, can be given either using Gα = UG˜α
or Gα =
˜ˆ
GαUˆ . The U and Uˆ are unitary matrices that can themselves be expanded in terms of fuzzy
spherical harmonics
U =
∑
lm
UlmYlm(Ji) , (3.3)
with UU † = Uˆ Uˆ † = 1, implying that in the large-N limit (U, Uˆ)→ eiα(~x).
That means that by extracting a unitary matrix from the left or the right of Gα, i.e.modulo a
unitary matrix, the resulting algebra for G˜α,
− G˜α = G˜βG˜†βG˜α − G˜αG˜†βG˜β , (3.4)
that we will call the GRVV algebra, should then be exactly equivalent to the usual SU(2) algebra
that appears in the adjoint construction: both should give the same description of the fuzzy 2-sphere.
We would next like to prove this equivalence for all possible representations.
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3.1 Representations
We first note that the irreducible representations of the algebra (3.4), given in [23] by the matrices
(2.2), indeed give the most general irreducible representations of SU(2). Defining J± = J1 ± iJ2,
J¯± = J1 ± iJ¯2, we obtain from (2.2) that
(J+)m,m−1 = 2
√
(m− 1)(N −m+ 1) = 2αN−1
2
,m−N+1
2
(J−)n−1,n = 2
√
(n− 1)(N − n+ 1) = 2αN−1
2
,n−N+1
2
(J3)mn = 2
(
m− N + 1
2
)
δmn (3.5)
and
(J¯+)m,m−1 = 2
√
(m− 2)(N −m+ 1) = 2αN−2
2
,m−N+2
2
(J¯−)n−1,n = 2
√
(n− 2)(N − n+ 1) = 2αN−2
2
,n−N+2
2
(J¯3)mn = 2
(
m− N + 2
2
)
δmn +Nδm1δn1 , (3.6)
whereas the general spin-j representation of SU(2) is
(J+)m,m−1 = αj,m
(J−)n−1,n = αj,n
(J3)mn = mδmn (3.7)
(and the rest zero), where
αjm ≡
√
(j +m)(j −m+ 1) (3.8)
and m ∈ −j, ...,+j takes 2j + 1 values. We note that the representation for Ji is indeed the most
general N = 2j + 1 dimensional representation, and since (J¯+)11 = (J¯−)11 = (J¯3)11 = 0, the
representation for J¯i is also the most general (N − 1) = 2(j − 12 ) + 1 dimensional representation.
However, we additionally have the U(1) generators completing the U(2) symmetry, which in
the case of the irreducible GRVV matrices G˜α are diagonal and give the fuzzy sphere constraint
G˜αG˜†α ∝ 1l, G˜†αG˜α ∝ 1l,
J = J11 + J
2
2 = (N − 1)δmn
J¯ = J¯1
1
+ J¯2
2
= Nδmn −Nδm1δn1 , (3.9)
where again (J¯)11 = 0, since J¯i is in a N − 1 × N − 1 dimensional representation: The element
E11 = δm1δn1 is a special operator, so the first element of the vector space on which it acts is also
special, i.e.V− = V −N−1 ⊕ V −1 .
For a reducible representation of SU(2), the Casimir operator ~J2 = JiJi giving the fuzzy sphere
constraint is diagonal, with blocks proportional to the identity. The analogous object that gives the
fuzzy sphere constraint in our construction is the operator J = GαG†α. Indeed, in the case of reducible
matrices modulo unitary transformations, G˜α, we find (in the same way as for ~J2 = JiJi for the SU(2)
algebra)
J = diag((N1 − 1) 1lN1×N1 , (N2 − 1) 1lN2×N2 , ....) (3.10)
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and similarly for J¯ = G†αGα
J¯ = diag(N1(1− E(1)11 ) 1lN1×N1 , N2(1− E(2)11 ) 1lN×N , ...) . (3.11)
3.2 GRVV algebra → SU(2) algebra
For this direction of the implementation one does not need to consider the possible representations
of the algebra; the matrices G˜α will be kept as arbitrary solutions. We define as before, but now for
an arbitrary solution Gα,
GαG†β ≡ Jαβ ≡
Ji(σ˜i)
α
β + Jδ
α
β
2
. (3.12)
We additionally impose that GαG†α ≡ J commutes with Jk.
Multiplying (2.1) from the right by (σ˜k)
γ
αG
†
γ , one obtains
− Jk = GβG†βJk − JαβJβγ(σ˜k)γα . (3.13)
Using the definition in (3.12) for the Jαβ factors and the condition [J, Jk] = 0, one arrives at
− Jk = i
2
ǫijkJjJk , (3.14)
which is just the SU(2) algebra.
It is also possible to define
G†αG
β ≡ J¯α β ≡ J¯i(σ˜i)
β
α + J¯δ
β
α
2
(3.15)
and impose the condition [J¯ , J¯k] = 0. By multiplying (2.1) from the left by (σ˜k)
γ
αG
†
γ , we get in a
similar way
− J¯k = i
2
ǫijkJ¯iJ¯k . (3.16)
Thus the general SU(2) algebras for Ji and J¯i indeed follow immediately from (2.1) without
restricting to the irreducible GRVV matrices.
3.3 SU(2) algebra → GRVV algebra
This direction of the implementation is a priori more problematic since, as we have already seen,
the representations of Ji and J¯i are not independent. For the irreducible case in particular, V
+
N is
replaced by the representation V −N−1⊕V −1 , so now we need to define this identification in the general
case.
We will first try to understand the classical limit. The Hopf fibration (3.2) can be rewritten,
together with the normalisation condition, as
gαg∗β =
1
2
[
xi(σ˜i)
α
β + δ
α
β
]
. (3.17)
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By extracting a phase out of gα, we should obtain the variables g˜α on S2 instead of S3. Indeed,
the above equations can be solved for gα by
gα =
(
g1
g2
)
=
eiφ√
2(1 + x3)
(
1 + x3
x1 − ix2
)
= eiφg˜α , (3.18)
where eiφ is an arbitrary phase.
In the fuzzy case Gα and G†β do not commute, and there are two different kinds of equations
corresponding to Ji and J¯i,
GαG†β ≡
1
2
[
Ji(σ˜i)
α
β + δ
α
βJ
]
G†βG
α ≡ 1
2
[
J¯i(σ˜i)
α
β + δ
α
β J¯
]
. (3.19)
We also impose as before that [J, Jk] = 0, [J¯ , J¯k] = 0, so that J and J¯ are diagonal and proportional
to the identity in the irreducible components of Ji.
One solves the first set of equations in (3.19) by considering G1G†1 =
1
2 (J + J3), for which the
most general solution is G1 = TU , with T a Hermitian and U a unitary matrix. Since J + J3 is a
real and diagonal, by defining
T =
1√
2
(
J + J3
)1/2
, (3.20)
one obtains
Gα =
(
G1
G2
)
=
(
J + J3
J1 − iJ2
)
T−1
2
UN×N¯ = G˜
αUN×N . (3.21)
Thus G˜α is also completely determined by Ji, J .
Similarly, the second set of equations in (3.19) can be solved by considering G†1G
1 = 12(J¯ + J¯3),
for which the most general solution is G1 = Uˆ T˜ , where as before
T˜ =
1√
2
(
J¯ + J¯3
)1/2
, (3.22)
to obtain
Gα =
(
G1
G2
)
= UˆN×N¯
T˜−1
2
(
J¯ + J¯3
J¯1 − iJ¯2
)
= Uˆ
˜ˆ
Gα . (3.23)
Thus
˜ˆ
Gα is completely determined by J¯i, J¯ .
Comparing the two formulae for Gα we see that they are compatible if and only if
Uˆ = TUT˜−1 and J¯1 − iJ¯2 = T˜ 2U−1T−1(J1 − iJ2)T−1U , (3.24)
where U is an arbitrary unitary matrix. These equations define an identification between the two
representations of SU(2), in terms of Ji and J¯i, needed in order to establish the equivalence with the
GRVV matrices.
In terms of explicit representations: for the irreducible representations of SU(2), we define J¯i
from Ji as before (V
+
N → V −N−1 ⊕ V −1 ) and J = (N − 1) 1lN×N , J¯ = N(1− E11) 1lN×N . For reducible
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representations of SU(2), Ji can be split such that J3 is block-diagonal, with various irreps added on
the diagonal. One must then take J and J¯ of the form in (3.10) and (3.11).
Then the condition (3.24) is solved by U = 1 and J1, J2 block diagonal, with the blocks being the
irreps of dimensions N1, N2, N3, ..., and the J¯1, J¯2 being also block diagonal, but where each Nk ×Nk
irrep block is replaced with the (Nk − 1)× (Nk − 1) irrep block, plus an E(k)11 , just as for the GRVV
matrices.
3.4 Fuzzy superalgebra
It is easy to see that the matrices G˜α and Ji can be neatly packaged into supermatrices which form
a representation of the orthosymplectic Lie superalgebra OSp(1|2), and thus form supersymmetric
partners. The supermatrix is nothing but the embedding of of the N × N¯ matrices into U(2N).
The adjoint fields live in the ‘even subspace’, while the bifundamentals in the ‘odd subspace’. For a
generic supermatrix
M =
(
A B
C D
)
(3.25)
the superadjoint operation is
M ‡ =
(
A† C†
−B† D†
)
(3.26)
For Hermitian supermatrices this is
X =
(
A B
−B† D
)
, (3.27)
with A = A† and D = D† [38]. This gives the definition of the supermatrices
Ji =
(
Ji 0
0 J¯i
)
and Jα =
(
0
√
NG˜α
−√NG˜†α 0
)
, (3.28)
where we raise and lower indices as G˜α = ǫαβG˜
β, with ǫ = iσ˜2 = −iσ2. Then the SU(2) algebra
together with the relation (2.4) and the definition of Ji, J¯i result in the following (anti)commutation
relations
[Ji,Jj ] = 2iǫijkJk
[Ji,Jα] = (σ˜i)αβJ
β
{Jα,Jβ} = −(σ˜i)αβJi = −(iσ˜2σ˜i)αβJi , (3.29)
which is the defining superalgebra OSp(1|2) for the fuzzy supersphere of [35].5
The emergence of the fuzzy supersphere might be a bit of a surprise here, since we have just shown
that the GRVV and adjoint matrix constructions are actually equivalent. On the other hand, it is
known that the only irreducible representations of OSp(1|2) split into the spin-j plus the spin-(j− 12)
5This observation has also been made in [32].
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representations of SU(2), which correspond precisely to the irreducible representation for the G˜α that
we are considering here.6
As a result, the most general representations of the fuzzy superalgebra coincide with the most
general representations of the G˜α themselves, which as we showed are completely equivalent to the
representations of SU(2). In other words, the statement is that the fuzzy supersphere is trivial, and
contains the same information as the bosonic fuzzy sphere.
3.5 N ×M representations and the ABJ model
An interesting related question is whether one gains anything qualitatively new by going to the
U(N) × U(M) CS-matter theories of the Aharony-Bergman-Jafferis (ABJ) model [20].7 This is a
natural extension to consider since the BPS/ground state matrix equation for the N ×M matrices is
again given by (2.1).
By defining the N × N matrix Jαβ = G˜αG˜†β and the M ×M matrix J¯α β = G˜†αG˜β, with Ji =
Jαβ(σ˜i)
β
α, J¯i = J¯
β
α (σ˜i)
α
β , one might think that we could have Ji being an irreducible N × N
representation and J¯i an irreducible M ×M representation of SU(2). However, that would in turn
mean that there is both an N ×N matrix
J11 = G˜
1G˜†1 = (m− 1)δmn (3.30)
and an M ×M matrix
J¯1
1
= G˜†1G˜
1 = (m− 1)δmn . (3.31)
If an N ×M matrix G˜1, with elements amn, that satisfied both relations existed then
N∑
i=1
amiani = (m− 1)δmn and also
M∑
j=1
ajmajn = (m− 1)δmn . (3.32)
This would imply (if, say N < M) that there exist M linearly independent vectors of M > N
components, which is not possible.
Another related observation is that if such a G˜α exists, again for N < M , it would be possible to
reduce M ×M irreps in terms of N ×M ones. It can indeed be checked that the maximal irreducible
representation is
G˜αN×M = (g
α
N×N |0N×(M−N)), (3.33)
i.e. the usual N ×N irrep. However, if M = rN + p with r, p integers, then the representation
GαN×M =
1√
r
(gα(1)N×N |...|gα(r)N×N |0N×p) (3.34)
6See for instance Appendix C of [38]. The general spin-j is the Ji representation constructed from the GRVV
matrices, while the general spin j − 1
2
is the J¯i representation constructed from the GRVV matrices.
7These gauge theories were initially considered in [21].
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is also a solution, if g(i)N×N is the N ×N solution. This gives
Jαβ = (j
α
β)N×N
J¯α
β
=


(j¯α
β
)N×N ... (j¯α
β
)N×N 0
...
...
...
...
(j¯α
β
)N×N ... (j¯α
β
)N×N 0
0 ... 0 0

 (3.35)
i.e. the Ji representation is the N ×N representation and J¯i representation is made of r copies of the
(N−1)×(N−1) representation embedded in N×N , plus zeroes for the rest. This also is nothing but
another kind of reducible representation that one could consider. Therefore, nothing new is obtained
by considering N ×M matrices and the ABJ model.
This is in agreement with expectations from the spacetime interpretation of fuzzy sphere solutions
in mass-deformed ABJ theories. In the undeformed ABJ case, one has (say forM > N) N M2-branes
probing the Zk singularity of M-theory and |M−N | fractional M2-branes, corresponding to M5-branes
wrapping a collapsed S3/Zk [20]. While the N M2’s are free to move, the |M − N | fractional M2’s
are forced to remain at the orbifold fixed point. In the mass-deformed case this would mean that
the N moving M2’s can puff up into a fuzzy sphere configuration with the remaining fractional M2’s
stuck at the origin. In the gauge theory this is reflected by the fact that one only has solutions by
giving vevs at most to an N ×N block inside N ×M . This is precisely what we have found above.
4 Fuzzy Hopf fibration & fuzzy Killing spinors
In this section we want to interpret the classical objects g˜α, obtained in the large-N limit of G˜α, as
Killing spinors on the 2-sphere and generalise this construction to higher dimensional cases.
We have seen that the in the classical limit, the relation between Ji and G
α becomes the first
Hopf map (3.2), and hence can be thought of as a fuzzy version of the same. However, the above
Hopf relation is invariant under multiplication by an arbitrary phase corresponding to shifts on the
S1 fibre, so the objects g˜α obtained by extracting that phase in (3.18), i.e.
g˜α =
1√
2(1 + x3)
(
1 + x3
x1 − ix2
)
, (4.1)
are instead defined on the classical S2. In the Hopf fibration, the index of gα is a spinor index of
the global SO(3) symmetry for the 2-sphere. By extracting the S1 phase one recovers the real g˜α
and the α can be thought of as describing a (Majorana) spinor of the SO(2) local Lorentz invariance
on the 2-sphere. We will argue that the latter is related to a Killing spinor. Note that this type of
identification easily extends to all even spheres.
In the fuzzy version of this relation, the G˜α obtained from Gα by extracting a unitary matrix,
are real objects defined on the fuzzy S2 through the GRVV matrices, in the case of irreducible
representations, or
G˜ =
(
J + J3
J1 − iJ2
)
T−1
2
(4.2)
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in general.
The standard interpretation, inherited from the examples of the SU(2) fuzzy 2-sphere and other
spaces, is that the matrix indices give rise to the dependence on the sphere coordinates and the index
α is a global symmetry index. However, we have just seen that already in the classical picture one can
identify the global symmetry spinor index with the local Lorentz spinor index. Therefore we argue
that the correct interpretation of the classical limit for G˜α is as a spinor with both global and local
Lorentz indices, i.e. the Killing spinors on the sphere ηαI . In the following but we will use the index
α interchangeably for the two.
For comparison with the Killing spinors, we write for the classical limit of the Ji-G˜
α relation as
xi ≃ x¯i = (σi)αβ g˜†β g˜α . (4.3)
4.1 Killing spinors on Sn and the special case of S2
Let us review some of the key facts about Killing spinors that we will need for our discussion. For
more details, we refer the interested reader to e.g. [39–43].
On a general sphere Sn, one has Killing spinors satisfying
Dµη(x) = ± i
2
mγµη(x) , (4.4)
where by calculating [Dµ,Dν ] we obtain the normalisation of the curvature as
Rµν
mn = m2(emµ e
n
ν − enµemν ) . (4.5)
There are two kinds of Killing spinors, η+ and η−, which in even dimensions are related by the
chirality matrix, i.e. γn+1, through η
+ = γn+1η
−, as can be easily checked. The charge conjugation
matrix in n dimensions satisfies in general
CT = κC; γTµ = λCγµC
−1 , (4.6)
where κ = ±, λ = ± and it is used to raise/lower indices. The Majorana condition is then given by
η¯ = ηTC . (4.7)
The Killing spinors on Sn satisfy orthogonality, completeness and a reality condition. The latter
depends on the application, sometimes taken to be the modified Majorana condition, which mixes (or
identifies) the local Lorentz spinor index with the global symmetry spinor index of Sn. For instance,
on S4 the orthogonality and completeness are respectively,
η¯IηJ = ΩIJ and ηαJ η¯
J
β = −δαβ , (4.8)
where the index I is an index in a spinorial representation of the SO(n+1)G invariance group of the
sphere and the index α is an index in a spinorial representation of the SO(n)L local Lorentz group
on the sphere. The indices are then identified by the modified Majorana spinor condition as follows8
η¯I ≡ (ηI)TC(n)− = −(ηJ )†γn+1ΩIJ , (4.9)
8For more details on Majorana spinors and charge conjugation matrices see [39, 44] and the Appendix of [43].
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where ΩIJ = iσ2 ⊗ 1ln
2
is the invariant tensor of Sp(n2 ), satisfying Ω
IJΩJK = δ
I
K .
The Euclidean coordinates of Sn are bilinear in the Killing spinors
xi = (Γi)IJ η¯
Iγn+1η
J , (4.10)
where η are of a single kind (+ or -), or equivalently η¯I+η
J−. For even n-spheres, we obtain the special
case that the two spinor indices α and I are of the same type, and we can write
ηαI =
{
exp
(
− i
2
xµδmµ γ
m
)}α
β
ηβI(0) , (4.11)
where ηβI(0) = ǫβI a constant spinor.
Starting from Killing spinors on Sn, one can construct all the higher spherical harmonics. As seen
in Eq. (4.10), Euclidean coordinates on the sphere are spinor bilinears. In turn, symmetric traceless
products of the xi’s construct the scalar spherical harmonics Y
k(xi).
9 One can also construct the set
of spinorial spherical harmonics by acting with an appropriate operator on Y kηI
Ξk,+ = [(k + n− 1 + iD/)Y k]η+
Ξk,− = [(k + n− 1 + iD/)Y k]η− = [(k + 1 + iD/)Y k+1]η+ . (4.12)
Note that in the above the derivatives act only on the scalar harmonics Y k.
Any spinor on the sphere can be expanded in terms of spinorial spherical harmonics, Ψ =∑
k ψkΞ
k,±. Consistency imposes that the Ξk,± can only be commuting spinors. The Killing spinors
are then themselves commuting spinors, as they are used to construct the spinorial spherical harmon-
ics.
For higher harmonics the construction extends in a similar way but the formulae are more compli-
cated and, as we will not need them for our discussion, we will not present them here. The interested
reader can consult e.g. [45].
Killing spinors on S2
For the particular case of the S2, γi = Γi = σi for both the SO(2)L and the SO(3)G Clifford algebras.
Then the two C-matrices can be chosen to be: C+ = −σ1, giving κ = λ = +, and C− = iσ2 = ǫ,
giving κ = λ = −. Note that with these conventions one has C−γ3 = iσ2σ3 = −σ1 = C+. In the
following we will choose the Majorana condition to be defined with respect to C−.
Eq. (4.10) then gives for n = 2
η¯I = (ηT )IC− ⇒ xi = (σi)IJ(ηT )IC+γ3ηJ . (4.13)
The orthonormality and completeness conditions for the Killing spinors on S2 are
η¯IηJ = ǫIJ and ηαJ η¯
J
β = −δαβ , (4.14)
while the modified Majorana condition is
(ηJ )† = ǫIJ η¯I ≡ ǫIJ(ηI)TC− . (4.15)
9These are the higher dimensional extensions of the usual spherical harmonics Y lm(xi) for S
2.
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Since C− = ǫ, by making both indices explicit and by renaming the index I as α˙ for later use, one
also has
(ηαα˙)† = ηαα˙ ≡ ǫαβǫα˙β˙ηββ˙ . (4.16)
Using this condition, we rewrite (4.13) as
xi = (σi)
I
J(η
I)†γ3ηJ = (σ˜i)IJ
(√
2P+η
I
)†(√
2P+η
J
)
, (4.17)
where P± = 12 (1 ± γ3). Now comparing (4.13) with (4.3) one is led to the following natural large-N
relation, G˜α → √2NP+ηI , provided the spinor indices α and I get identified, i.e.
G˜α√
N
≡ g˜α ↔ g˜I ≡
√
2P+η
I . (4.18)
Note that the Weyl projection kills the omitted α spinor index on ηI . We will investigate the above
expression more thoroughly in the next subsection, where we will also see that there is one more
subtlety related to this identification.
Finally, the spinorial spherical harmonics on S2 are
Ξ±lm = [(l + 1 + iD/ )Ylm]η± (4.19)
and thus the spherical harmonic expansion of an S2-fermion is (writing explicitly the sphere fermionic
index α)
ψα =
∑
lm,±
ψlm,±Ξ
±,α
lm =
∑
lm,±
[ψlm,±(l + 1 + iD/ )Ylm]αβη
β
± . (4.20)
4.2 Relation between spinors on the 2-sphere
On the 2-sphere, one defines the Killing vectorsKai such that the adjoint action of the SU(2) generators
on the fuzzy sphere fields becomes a derivation in the large-N limit10
[Ji, .]→ 2iKai ∂a = 2iǫijkxj∂k . (4.21)
One can then explicitly check that
Kai (σ˜i)
α
β = −eam(SσmS−1)β
α ≡ −(SΓaS−1)α β , (4.22)
where eam is the vielbein on the sphere and
S = S(φ)S(θ) = a
(
− sin θ2 eiφ/2 −i cos θ2 eiφ/2
cos θ2 e
−iφ/2 −i sin θ2 e−iφ/2
)
, (4.23)
with |a|2 = 1 is a unitary matrix. The matrices
S(φ) = a1
(
0 −ieiφ/2
e−iφ/2 0
)
, S(θ) = a2
(
cos θ2 −i sin θ2
−i sin θ2 cos θ2
)
, (4.24)
10The precise expressions for the Killing vectors Kai can be found in Appendix A.
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with a = a1a2, |a1|2 = |a2|2 = 1 are rotation matrices, since a Lorentz rotation on spinors acts by
Λµνγ
ν = SγµS−1 . (4.25)
One can also impose the following (symplectic) reality condition on S
ǫαβ(S
−1)βγǫ
γδ = (ST )α
δ
= Sδα , (4.26)
which fixes a =
√
i
∗
and ensures that
(SσiS
−1)α
β
= (SσiS
−1)βα , (4.27)
since by explicit evaluation one can show that (σi)
α
β = (σi)β
α. Then it is also possible to check that
(SΓ3S
−1)αβ = −xi(σ˜i)αβ
(SΓaS
−1)αβ = −habKbi (σ˜i)αβ . (4.28)
The matrix Sαβ can additionally be used to go between spherical and Euclidean spinors on S
2.
Because of the reality condition (4.26), if one also has real spinors obeying
(χαα˙)
† = χαα˙ ≡ ǫαβǫα˙β˙χββ˙, (4.29)
which was identified in (4.16) as the modified Majorana spinor condition, it follows that the Sαβ-
rotated spinors are themselves real, namely they obey
((χα˙S)α)
† = (S−1χα˙)α ≡ −ǫα˙β˙(S−1)αβχββ˙ = ǫα˙β˙ǫαβ(χβ˙S)β . (4.30)
Next define
ηIα = (S−1)αβη
Iβ
0 =
1√
2
(S−1)αβǫ
βI =
1√
2
SIJǫ
αJ , (4.31)
where in the last equality we used the (symplectic) reality condition on S. From (4.30) it is clear that
the ηIα obey the modified Majorana condition, as was also required for Killing spinors. It is then
possible to use (4.28) to prove that
xi = (γi)IJ η¯
Iγ3η
J , (4.32)
hence verifying that the ηIα are indeed Killing spinors. One can also explicitly check that
Da((S
−1)αβǫ
βI) = +
i
2
(Γa)
α
β(S
−1)βγǫ
γI , (4.33)
which in turn means that
1√
2
(S−1)αβǫ
βI = ηαI+ . (4.34)
According to the relation (4.18), the object to be matched against g˜α is then
√
2P+η
I = (P+)
α
β(S
−1)βγǫ
γI = (P+)
α
βS
I
Jǫ
βJ = SIJ(P−)JKǫ
αK . (4.35)
Thus, the Weyl projection can be thought of as ‘removing’ either α or I, since only one of the two
spinor components is non-zero.
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In order to further check this proposed identification at large-N we now calculate
∂a(
√
2P+η
I) = − i
2
(SΓaS
−1)IJ(
√
2P+η
J ) + T˜a(
√
2P+η
I) , (4.36)
where T˜θ = 0 and T˜φ =
i
2 cos θ and
(∂aS)S
−1 = − i
2
SΓaS
−1 + STaS−1 (4.37)
by explicitly evaluation, with Tθ = 0 and Tφ = − i2 cos θ γ3.
This needs to be compared with the analogous result given in Eq. (4.48) of [27] from the classical
limit of the adjoint action of Ji on G˜
α, i.e. from [Ji, G˜
α], where it was found that
∂ag˜
α =
i
2
hˆabK
b
i (σ˜i)
a
β g˜
β
= − i
2
(SΓaS
−1)αβ g˜
β . (4.38)
In the second line we made use of the identity (4.28). In [27] it was also verified that the above could
reproduce the correct answer for ∂axi, which can be rewritten as
∂axi = − i
2
g˜†α
[
(σ˜i)
α
β(SΓaS
−1)βγ − (SΓaS−1)αβ(σ˜i)βγ
]
g˜γ . (4.39)
Note that even though there is a difference between (4.36) and (4.38), given by the purely imag-
inary term T˜a that is proportional to the identity, the two answers for ∂axi exactly agree, since in
that case the extra contribution cancels. This extra term is a reflection of a double ambiguity: On
one hand there is the extra index α on ηI , which can be acted upon by matrices, even though it
is Weyl-projected, in effect multiplying the Weyl-projected ηI by a complex number; if the complex
number is a phase, it will not change any expressions where the extra index is contracted, thus we
have an ambiguity against multiplication by a phase. On the other, g˜α is just a representative of the
reduction of gα by an arbitrary phase, so it is itself only defined up to a phase. The net effect is that
the identification of the objects in (4.36) and (4.38) is only up to a phase. Indeed, locally, near φ ≃ 0,
one could write
g˜αe
i
2
φ cos θ ↔
√
2P+η
I (4.40)
but it is not possible to get an explicit expression for the phase over the whole sphere.
4.3 Generalisations
On a general S2n some elements of the above analysis carry through. That is because even though it
is possible to write for every S2n
xA = η¯
I(ΓA)IJγ2n+1η
J , (4.41)
where ηI are the Killing spinors, one only has fuzzy versions of the quaternionic and octonionic Hopf
maps to match it against. We will next find and interpret the latter in terms of Killing spinors on
the corresponding spheres.
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4.3.1 S4
The second Hopf map, S7
π→ S4, is related to the quaternionic algebra. Expressing the S7 in terms
of complex coordinates gα, now with α = 1, ..., 4, one has the sphere constraint have gαg†α = 1
(gαg†α = 1⇒ xAxA = 1; A = 1, ..., 5). The map in this case is (see for instance [46])
xA = g
β(ΓA)
α
βg
†
α, (4.42)
with (ΓA)
α
β the 4× 4 SO(5) gamma matrices.11 Here we have identified the spinor index I of SO(5)
with the Lorentz spinor index α of SO(4).
The gα’s start off as complex coordinates, being acted upon by SU(4), but projecting down to the
base of the Hopf fibration we can replace gα in the above formula with real g˜α’s, instead acted upon
by the spinorial representation of SO(4), i.e. by spinors on the 4-sphere. This process is analogous to
what we saw for the case of the 2-sphere. Once again, it is possible to identify g˜α with the Killing
spinors, this time on S4.
This suggest that one should also be able to write a spinorial version of the fuzzy 4-sphere for
some bifundamental matrices G˜α, satisfying
JA = G˜
β(ΓA)
α
βG˜
†
α
J¯A = G˜
†
α(ΓA)
α
βG˜
β , (4.43)
where JA, J¯A should also play the role of SO(5) generators, that is they should satisfy
JAG˜
α − G˜αJ¯A = (ΓA)αβG˜β . (4.44)
This in turn implies the same GRVV algebra as for the S2 case
G˜α = G˜αG˜†βG˜
β − G˜βG˜†βG˜α (4.45)
but now with G˜α being 4 complex matrices that describe a fuzzy 4-sphere. We leave the investigation
of this interesting possibility for future work.
4.3.2 S8
The third Hopf map, S15
π→ S8, is related to the octonionic algebra. The S15 is expressed now by
the real objects gTα g
α = 1, α = 1, ..., 16 that can be split into two groups (1, ..., 8 and 9, ..., 16). The
Hopf map is expressed by [47] (gTα gα = 1⇒ xAxA = 1)
xA = g
T
α (ΓA)
αβgβ , (4.46)
11These are constructed as: σ1 and σ3 where 1 is replaced by 1l2×2 and σ2 where i is replaced by iσ1, iσ2, iσ3.
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where (ΓA)
αβ are the SO(9) gamma-matrices.12 Similarly for the case of the S4 above, even though
gα’s start off as being 16-dimensional variables acted by the spinor representation of SO(9), one can
project down to the base of the Hopf fibration and replace the gα’s with real 8-dimensional objects
on the 8-sphere g˜α. Then the g˜α’s are identified with the Killing spinors of S8.
This once again suggests that one should be able to write a spinorial version of the fuzzy 8-sphere
for some bifundamental matrices G˜α satisfying
JA = G˜α(ΓA)
αβG˜Tβ
J¯A = G˜
T
α(ΓA)
αβG˜β , (4.47)
where JA, J¯A are SO(9) generators
JAG˜α − G˜αJ¯A = (ΓA)αβG˜β (4.48)
and implies the same GRVV algebra, but with the G˜α’s now being 16 dimensional real matrices that
describe the fuzzy 8-sphere.
4.3.3 |CP3
The first Hopf map, S3
π→ S2, can also be generalised to the S7 π→ |CP3 case, and thus the extension
to the fuzzy level would imply generalising the fuzzy Killing spinors on S2 ≃ |CP1 to fuzzy Killing
spinors on |CP3. For that, we first notice that the S3
π→ S2 map is better understood as S3 π→ |CP1
[48]. Indeed, the S3 coordinates Zα (Z1 = X1 + iX2, Z2 = X3 + iX4) obey
∑
α |Zα|2 = 1, a relation
invariant under multiplication by a phase, Zα → eiϕZα, which is precisely the U(1) fibre of the Hopf
fibration. This can be seen as follows: The stereographically projected coordinates on the S2 are
W =
x1 + ix2
1− x3 =
X1 + iX2
X3 + iX4
=
Z1
Z2
, (4.49)
which are obviously invariant under Zα → eiϕZα. But they are also invariant under the more general
condition Zα → λZα, with λ an arbitrary complex number, which means that (4.49) is really a map
between |CP1 and S2. Thus for the Hopf map one really first maps the S3 in Euclidean coordinates
Za to the |CP1 with the same coordinates (now identified with any complex λ), which is a linear
relation, obtained just by an equivalence
{Zα|
∑
α
|Zα|2 = 1} → {Zα ∼ λZα|λ ∈ C− {0}} . (4.50)
Then the quadratic relation (3.2) (with gα → Zα) or the rational stereographic relation (4.49) can be
thought of as a map between |CP1 and S2, or between SU(2)-invariant coordinates Zα and SO(3)-
invariant coordinates xi, by means of the matrices (σ˜i)
α
β.
12The gamma-matrices are constructed similarly to the S4 case as follows: Γi =
 
0 λi
−λi 0
!
, Γ8 =
 
0 1l8×8
1l8×8 0
!
,
Γ9 =
 
1l8×8 0
0 − 1l8×8
!
, i.e. from σ2 with λi replacing i, and from σ1 and σ3 with 1 replaced by 1l8×8. The λi satisfy
{λi, λi} = −2δij (similarly to the iσi in the case of S
4) and are constructed from the structure constants of the algebra
of the octonions [47]. An explicit inversion of the Hopf map is given by gα = [(1 + x9)/2]
1/2uα for α = 1, ..., 8 and
gα = [2(1+x9)]
−1/2(x8−xiλi)uα−8 for α = 9, .., 16, with uα a real 8-component SO(8) spinor satisfying u
αuα = 1 thus
parametrising the S7 fibre.
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This implies a natural embedding for the S7
π→ |CP3 Hopf map. Indeed, in the classical case S7 is
similarly defined by Zi, with i = 1, .., 4 and
∑4
i=1 |Zi|2 = 1, and then the |CP3 ≃ S7/Zk|k→∞ is just
obtained by the identification Zi ∼ λZi. The restriction to S3 ⊂ S7 is obtained by Zi → (Z1, Z2) =
Zα, and similarly for |CP1 ⊂ |CP3.
One can then construct the S7 as a Hopf fibration S1 →֒ S7 π→ |CP3 in terms of a quadratic
relation, by using the complex 4× 4 matrices ΣM that take us between Euclidean coordinates Zi on
the S7 and local (unconstrained) coordinates XM on |CP
3
XM = (ΣM )
j
iZ
iZ†j . (4.51)
The (ΣM )ij are Clebsch-Gordan coefficients for the 4⊗ 4¯→ 6A product of the spinor representations
into the vector of SO(6) ≃ SU(4), hence M = 1, ..., 6.13 Now, by replacing the 4 complex coordi-
nates Zi with the SU(4)-invariant 6d Killing spinors ηiσ,
14 one can construct SO(6)-invariant bosonic
coordinates XM as before by
XM = (ΣM )ij η¯
iγ7η
j . (4.52)
In the above relation, the Killing spinors on |CP3, together with its metric, are inherited from the
definition of |CP3 as the k →∞ limit of the S7/Zk reduction. Note that by taking a different metric
on |CP3, different Killing spinors are obtained [49].
The fuzzy version of this relation would naturally be
JM = (ΣM )
j
iZ˜
iZ˜†j , (4.53)
with Z˜i 4 complex matrices giving a fuzzy version of |CP3 that reduce to the G˜α matrices, describing
the fuzzy S2 ≃ |CP1, for i = α.
It is not clear how one would construct a fuzzy |CP3 algebra, or if it could arise as a solution of
ABJM, but the relation (4.53) also defines variables XM on |CP
3 that are natural from the ABJM
point of view, and should be important in the AdS4 × |CP3 / ABJM duality.
5 Supersymmetric D4-brane action on fuzzy S2
We will now build upon the results obtained in [27] for the bosonic part of the action for fluctuations
around the irreducible vacuum of the mass-deformed ABJM theory of [23]. This was given by
SB =
∫
d3xd2σ
√
hˆ
[
−
(
k
2π
)2 1
8f2
FµνF
µν − N
2µ2
2
FabF
ab − N
2
4
∂µA
a∂µAa +Nf∂µAa∂
aAµ
− f2∂aAµ∂aAµ +N2µ2FabωˆabΦ− N
2
4
∂µΦ∂
µΦ−N2µ2∂aΦ∂aΦ−N2µ2Φ2
− 4N2µ2∂aq†α˙∂aqα˙ −N2∂µq†α˙∂µqα˙
]
. (5.1)
We extend the analysis to include fermions and find the full supersymmetric action, with and with-
out the twisting of certain fields due to the partly compactified nature of the higher-dimensional
13It is easy to see that this defines a fibration: XM is invariant under multiplication of the Z
i by a U(1) phase,
corresponding to the fibre. The XM are thus SO(6)-invariant coordinates on the base.
14The SO(6) Lorentz invariance group, with fermionic index σ, is now the same as the global SU(4) invariance group.
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worldvolume. We also comment on the similarities and differences between the fuzzy sphere vacua of
massive ABJM and the fuzzy funnel solutions of pure ABJM.
5.1 Expectations from supersymmetry
Although in the following we will focus our attention on the fuzzy sphere solution of the mass-deformed
ABJM model, we will also comment on the fuzzy funnel solution of pure ABJM. In order to see what
the expected result should be, we will first analyse the supersymmetry of the solutions. We will use
results already derived for the case of the BLG model and its massive deformation [5, 21, 22],15 which
suffice for our purposes. The BLG A4-theory corresponds to an SU(2)× SU(2) ABJM model, which
shares many qualitative features with the U(N)×U(N) constructions.
The N = 8 (i.e. 16 supercharges in 3d) linearly realised supersymmetries of the massive deforma-
tion of BLG are given by [22]
δlX
I = iǫ¯ΓIΨ
δlΨ = DµX
IΓµΓIǫ− 1
6
[XI ,XJ ,Xk]ΓIJKǫ− µΓ3456ΓIXIǫ
δlAµ
b
a = iǫ¯ΓIX
I
cΨdf
cdb
a . (5.2)
Here I = 1, ..., 8 and the 3d Majorana spinor ǫ satisfies Γ012ǫ = ǫ. These transformation rules
are explicitly SO(8) invariant, as needed for N = 8 supersymmetry in 3d. However, the massive
deformation, and in particular its vacuum solution, explicitly breaks the SO(8) symmetry of the
action down to an SO(4) × SO(4) R-symmetry. Splitting I into 4 + 4 as (A,A′), the vacua of the
mass-deformed theory are
[XA,XB ,XC ] = −µǫABCDXD; XA′ = 0; Ψ = Aµ = 0 (5.3)
plus the ones with A and A′ indices interchanged. It is easy to check that on this solution δlΨ =
δlX
I = δlAµ
b
a = 0, so all the 16 supercharges are preserved.
On the other hand, at µ = 0 (pure ABJM), the BPS fuzzy funnel solution ,
∂sX
A = ǫABCD[XA,XB ,XC ] , XA
′
= 0 , Ψ = Aµ = 0 , (5.4)
can be easily checked to imply δlΨ = δlX
I = δlAµ
b
a = 0 only if
Γsǫ = Γ3456ǫ , (5.5)
i.e. only 12 of the linearly realised supersymmetries, namely 8 supercharges, are preserved.
A similar behaviour is also observed in the ABJM case, with all of 12 supercharges (N = 6)
surviving for the fuzzy sphere vacuum solution of massive ABJM, but only 6 supercharges (N = 3)
for the fuzzy funnel solution of pure ABJM. The correct effective action for small fluctuations around
these classical solutions is expected to preserve the same number of supersymmetries.
Note that in [27] it was shown that the (unrescaled) large-N bosonic action is the same for
both the fuzzy sphere and the fuzzy funnel solutions, so this difference in the number of preserved
supersymmetries presents a puzzle. We will return to this issue at the end of this section, where we
will see that the fermionic part as well as the rescaling of the action imply the need for extra degrees
of freedom to be taken into account in the fuzzy funnel case.
15In the context of the BLG theory, the M2⊥M5 intersection was investigated in [5, 50].
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5.2 Maximally supersymmetric D4 action
The definition of the bosonic D4-brane fields, coming from the quadratic fluctuation action around
the fuzzy sphere background of massive ABJM, was obtained straightforwardly in [27] with one
notable exception: The scalar fields qα˙, which were overall transverse to both the worldvolume and
the emergent S2, were bifundamental, thus at finite N they had to be expanded in terms of the
bifundamental objects G˜αYlm(Ji). However, since in the classical limit the G˜
α become Killing spinors
on the sphere, this dependence alone suggests a spinor structure for said scalars.
Note that the appearance of the Killing spinor on S2 as the classical limit of some fuzzy object is
a feature that has not been previously considered in the literature. In the conventional construction
of fermions on the fuzzy sphere, one obtains them as scalar functions expanded in terms of the usual
spherical harmonics Ylm(Ji). The fermionic structure of the field is then obtained by diagonalising
the kinetic operator in the classical limit.
For qα˙ = Qα˙αG˜
α however, the action in [27] corresponded to a usual scalar despite the presence of
the fuzzy Killing spinor, e.g. one had that the kinetic term on the sphere was given in terms of the
familiar form
∼ µ2N
∫
d3xd2σ
√
hˆ hˆab ∂aq
†
α˙∂bq
α˙ , (5.6)
even though qα˙ ‘contains’ the Killing spinor G˜α dependence. This is as long as one keeps in mind the
following definition for the action of the derivative on the Killing spinors
∂a(G˜
α) =
1
−2i hˆabK
b
i (σ˜i)
α
βG˜
β . (5.7)
These two different possibilities in expressing the transverse scalar degrees of freedom are related
to an implicit twisting, since G˜α can be reinterpreted as part of the spherical harmonics. We will
deal with this in detail in the next subsection, when we will twist the field qα˙ into the spinor Qα˙α by
‘extracting’ the G˜α. In this subsection we will instead turn to the fermions.
5.2.1 Parallel fermions
To complete the fluctuation action of [27], we begin with the fermionic part of the mass-deformed
ABJM action
SfABJM =
∫
d3x Tr
[
− ψI†γµDµψI − iµψ†αψα + 2πi
k
(
ǫIJKLψIC
†
JψKC
†
L − ǫIJKLψ†ICJψ†KCL
+C†IC
IψJ†ψJ − ψ†JCIC†IψJ − 2C†ICJψ†IψJ + 2ψ†JCIC†JψI
)]
, (5.8)
which differs from the undeformed ABJM fermionic action only in the presence of the mass term.
Here ψI are general (Dirac) spinors of SO(2, 1), with 16 real components and 8 on-shell degrees of
freedom. One can then split the fermions into two types, in a similar fashion to what we did for the
scalars: the ‘parallel’ to the S2, which we denote as ψα and ‘transverse’, which we will call χα˙.
For the parallel fermions ψα, the terms with ǫIJKL in (5.8) do not contribute in the fuzzy sphere
background. The terms on the last line of (5.8) give(
2πf2
k
)
2iTr
[
1
2
(J¯ − J)ψ†αψα + (ψ†βJαβ − J¯β αψ†β)ψα
]
. (5.9)
22
The fermions are also bifundamentals like the scalars qα, thus when expanding them in spherical
harmonics we must also consider a G˜α multiplying the Ylm(Ji), as argued in [27]. This leads to the
natural decomposition
ψα = G˜
αψ + G˜βU˜β
α
= ψ˜G˜α + Uα
βG˜β , (5.10)
where ψα, U˜β
α
admit an expansion in terms of Ylm(J¯i), while ψ˜α, Uα
β in Ylm(Ji). We also define
raising and lowering of the indices on G˜α by
G˜α = ǫαβG˜
β ; G˜†α = ǫαβG˜†β . (5.11)
Here
ǫαβ =
(
0 1
−1 0
)
, (5.12)
with ǫαβǫβγ = δ
α
γ , i.e. as matrices ǫ = iσ˜2 and ǫ
−1 = −iσ˜2. Note also that G˜†αG˜α = −G˜†αG˜α.
Since
(ψ†βJαβ − J¯β αψ†β)ψα = J − J¯
2
ψ†αψα +
1
2
(σ˜i)
α
β[ψ
†βJi − J¯iψ†β ]ψα, (5.13)
the kinetic term for ψα is (2πf
2 = µk)
iµ
∫
Tr (σ˜i)
α
β[ψ
†βJi − J¯iψ†β ]ψα . (5.14)
In [27] it was shown that derivations on the sphere for fields with a Ylm(Ji)G˜
α dependence were
obtained by considering
q†
β˙
Ji − J¯iq†β˙ → +2iK
a
i ∂aq
†
β˙
+ q†
β˙
xi . (5.15)
Similarly, we now obtain
[ψ†βJi − J¯iψ†β ]→ +2iKai ∂aψ†β + ψ†βxi . (5.16)
The spin-covariant derivative on the sphere is given by [36]
∇a = ∂a + i
4
ωija σij , (5.17)
with ωija the spin connection on S2, with only non-zero component ω12φ = −ω21φ = − cos θ, and σij
the spin-12 generators of SO(2). In terms of components
∇1 ≡ ∇θ = ∂θ , ∇2 ≡ ∇φ = ∂φ − i
2
Γ3 cos θ (5.18)
and one can write the above as
∇a = ∂a + S−1∂aS + i
2
Γa . (5.19)
Hence, the Dirac operator on the sphere is given by
D˜2 ≡ eamΓm∇a = σ1
(
∂θ +
cot θ
2
)
+ σ2
1
sin θ
∂φ = Γ
a(∂a + S
−1∂aS) + i , (5.20)
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where S is same unitary rotation matrix previously defined in (4.23), which also appears when trans-
lating quantities on S2 between Cartesian and spherical coordinates. We have collected definitions
and various identities involving the matrices S in Appendix A.
Using (4.28) and (5.19), we get the following kinetic term for ψα, coming from the CCψψ inter-
action term
− 2µN
∫
d3xd2σ
√
hˆ
[
(ψS)α[Γ
a∇a − iP+]αβ(S−1ψ†)β)
]
, (5.21)
where again the projector P± = 12(1± Γ3).
To this, we must add the 3d kinetic term for these parallel fermions plus the mass term coming
from the deformation
−
∫
Tr [ψ†αγµ∂µψα + iµψ†αψα]→ −N
∫
d3xd2σ
√
hˆ [ψ†αγµ∂µψα + iµψ†αψα] , (5.22)
where in the above the covariant derivative drops out because the ψAψ interaction terms are cubic
in the fluctuating fields.
We total action for the parallel fermions ψα is then
N
∫
d3xd2σ
√
hˆ (ψS)α[−γµ∂µ 1l + 2µ(−Γa∇a + i
2
Γ3)]α
β
(S−1ψ†)β . (5.23)
This is almost the kinetic term of a 5d fermion on an S2 of radius 12µ . Indeed, there is a unique
split of the Γ-matrices in 5d into 3d+2d, namely Γˆµ = γµ⊗Γ3, Γˆa = 1⊗Γa, so the 5d Dirac operator
must be
D5 = Γˆ
µ∂µ + Γˆ
a2µ∇a = γµ(Γ3)αβ∂µ + 2µ(Γa)αβ∇a . (5.24)
Note that what is missing is a Weyl condition, i.e. if we had Weyl spinors, with (1 − Γ3)ψ = 0, or
1+Γ3
2 ψ = ψ, we would get the above result in terms of the 5d Dirac operator in (5.23).
The D4-brane action that we want to finally obtain, should sport a Majorana spinor in 5d.
However this decomposes into a Majorana spinor in 3d, times a Weyl spinor or a Majorana spinor in
2 Euclidean dimensions. It should also come with an index for the 4 dimensional real representation
of the D4-brane R-symmetry group SO(5)R. Since the ψα correspond to half the number of the total
D4-brane fermions (the others being related to χα˙), one still needs an extra index i = 1, 2 on the 5d
fermion, or equivalently to have a Dirac spinor in 5d instead of Majorana.
From the point of view of the lower dimensional theory we started with a general (complex Dirac)
spinor in 3d. It is then clear that to obtain a complex Dirac spinor in 5d from the fuzzy sphere
we must have a Weyl spinor on the 2-sphere. Thus the subtlety is that, by interpreting the index
α = 1, 2 on ψα as an index on the fuzzy 2-sphere, we must reorganise it as a 2d-Weyl spinor index,
i.e. we must impose a Weyl condition. Thus the need for the Weyl condition appears when comparing
degrees of freedom at finite N and on the classical 2-sphere, and is related to the presence of the
strange object G˜α in the decomposition of the fields. Indeed, we saw that G˜α corresponds to the
Weyl-projected Killing spinor P+η
I , where P+ acts either on the SO(2)L index or on the SO(3)global
index I. We will see in the next section that if we take out the G˜α, we obtain the Weyl projection
automatically, without the need to impose it by hand. Also, when twisting ψ by removing a G˜α in
the next subsection, this kind of subtlety will disappear.
In conclusion, we obtain a 5d spinor ψ that is 2d-Weyl, with mass µ.
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5.2.2 Transverse fermions
We now move to the transverse fermions χα˙. From the ǫ
IJKL term in (5.8) one has
iµ Tr
[
χ†α˙χα˙ − ǫαγǫβ˙δ˙G˜†αχβ˙G˜†γχδ˙ + ǫαγǫβ˙δ˙G˜αχ†β˙G˜γχ†δ˙
]
. (5.25)
As for the parallel fermions, χα˙ are bifundamentals so we must extract a G˜
β matrix before decom-
posing in terms of the fuzzy spherical harmonics Ylm(Ji)
χα˙ = χα˙βG˜
β
χ†α˙ = G˜†βχ
α˙β . (5.26)
The dotted indices are raised and lowered in the same way as the undotted indices. Note that the
above implies the modified Majorana spinor condition
(χα˙α)
† = χα˙α . (5.27)
This is needed, since the fields χα˙ were general (complex Dirac) spinors in 3d, but by extracting G˜
α,
the χα˙α need to obey a reality condition.
After some algebra one obtains for the two nontrivial terms in (5.25)
− µi
4
(2i)ǫjikTr
[
(σ˜k)
α
βJjχ
δ˙βJiχδ˙α
]
. (5.28)
The expression inside the bracket gives in the classical limit
ǫjikJjχ
δ˙βJi = −ǫjikJj [Ji, χδ˙β] + 2iJkχδ˙β → [−Nǫjikxj(−2i)Kai ∂a + 2Nixk]χδ˙β , (5.29)
which through use of the identity
ǫijkxiK
a
j = ωˆ
adhˆdcK
c
k (5.30)
gives
ǫjikJjχ
δ˙βJi → 2iN [ωˆadhˆdcKck∂a + xk]χδ˙β . (5.31)
Using (5.19), the identities (A.9), as well as the relations
ωˆadΓd∇a = −iΓ3Γa∇a
ωˆadΓdΓa = −2iΓ3 , (5.32)
which can be checked by explicit evaluation, one eventually arrives at the following result
→ −N2
∫
d3xd2σ
√
hˆ
[
µ(χδ˙S)α
(
P+Γ
a∇a
)α
β
(S−1χδ˙)β + h.c.
]
. (5.33)
Of course, one also needs to add the usual kinetic and mass terms in 3d for χα˙ (see (5.8)), namely∫
Tr [−χ†α˙γµDµχα˙ + iµχ†α˙χα˙]→ N
∫
d3xd2σ
√
hˆ [−χ†α˙γµ∂µχα˙ + iµχ†α˙χα˙] . (5.34)
Combining that with the mass-term that has been left over from (5.25) one gets
→ N
∫
d3xd2σ
√
hˆ [−χ†α˙γµ∂µχα˙ + 2iµχ†α˙χα˙] . (5.35)
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By expressing the above in terms of χα˙α, using J
α
β → N2 (xk(σ˜k)αβ + δαβ ), this is
N2
∫
d3xd2σ
√
hˆ
[
− (χα˙S)β(P−)βα/∂(S−1χα˙)α + 2iµ(χα˙S)β(P−)βα(S−1χα˙)α
]
, (5.36)
where /∂ = γµ∂µ as usual, and the total action for the transverse fermions is
N2
∫
d3xd2σ
√
hˆ
[1
2
(χα˙SP−)β(Γ3)βα/∂(P−S
−1χα˙)α + iµ(χα˙SP−)α(P−S−1χα˙)α
+ µ(χδ˙SP+)α
(
Γa∇a
)α
β
(P−S−1χδ˙)
β + h.c.
]
. (5.37)
Here we introduced a Γ3 in front of /∂ in order to make explicit the correct decomposition of the 5d
Dirac spinor.
Now we can define
Υαα˙ = (P−S
−1χα˙)α (5.38)
and, as promised, the Weyl projection P− appears automatically, for the same reasons as mentioned
for the parallel fermions: for the counting of degrees of freedom to work one needs to construct either
a single 5d Dirac fermion or two 5d Majorana fermions. In this case, the appearance of the Hermitian
conjugate means that one must ignore the (modified) Majorana reality condition. Alternatively, one
could reorganise the spinors into (modified) Majorana spinors but without the Weyl condition, as
the two results are equivalent. We will not do this here, although we will perform the equivalent
procedure when twisting the transverse scalars qα˙ shortly.
In terms of the Υαα˙’s the action for the transverse fermions is
N2
∫
d3xd2σ
√
hˆ
[1
2
Υ¯α˙D5Υα˙ + iµΥ¯
α˙Υα˙ + h.c.
]
. (5.39)
Here we have also used the 5d Dirac operator (5.24) that includes a sphere factor of radius 12µ .
In conclusion, the spinor Υαα˙ has a Weyl-projected sphere index α, making it the expected D4-
brane Dirac fermion.
5.2.3 Final action and supersymmetry
Collecting all contributions, the action will become just the usual D4-brane action for bosonic fields
Φ, qα˙, Aµ, Aa and fermionic fields ψα,Υα˙, but with q
α˙ and ψα ‘containing’ a fuzzy Killing spinor. We
will see shortly that this can bee interpreted in terms of a twisting of these fields. The action is
S =
∫
d3xd2σ
√
hˆ
[
−
(
k
2π
)2 1
8f2
FµνF
µν − N
2µ2
2
FabF
ab − N
2
4
∂µA
a∂µAa +Nf∂µAa∂
aAµ
− f2∂aAµ∂aAµ − 4N2µ2∂aq†α˙∂aqα˙ −N2∂µq†α˙∂µqα˙ −
N2
4
∂µΦ∂
µΦ−N2µ2∂aΦ∂aΦ−N2µ2Φ2
+N2µ2Fabωˆ
abΦ+N2
(1
2
Υ¯α˙D5Υα˙ + iµΥ¯
α˙Υα˙ + h.c.
)
+N
(
(ψS)α[−D5 + iµ 1l]αβ(S−1ψ†)β
)]
.
(5.40)
Note that we have already assumed that the ψ fermions are Weyl-projected.
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As in [27], in order to bring the above to a form that can be compared to a conventional D-
brane action, it is necessary to redefine the matter fields by CI → XI = (T−1/22 fGα, 0) and hence
f → T−1/22 f , where T2 = [l3p(2π)2]−1 the membrane tension, and similarly for the fermions. This is
so that the XI ’s can be thought of as spacetime coordinates with dimensions of length. We then
perform some additional rescalings for the bosonic fields
Aµ → Aµ 4πls
T
−1/2
2 f
, Aa → Aa 4πls
N
, Φ→ Φ 4πls
Nµ
, qα˙ → qα˙ 4πls√
Nµ
, (5.41)
for the sphere metric hab = µ
−2hˆab and the worldvolume coordinates xµ → 12xµ. These are finally
supplemented by the following rescalings of the fermions
Υα˙ → Υα˙ 4πls
Nµ
, ψα → ψα 4πls√
Nµ
. (5.42)
After implementing the above, we arrive at
Sphys =
1
g2YM
∫
d3xd2σ
√
h
[
− 1
4
FABF
AB − 1
2
∂AΦ∂
AΦ− µ
2
2
Φ2 − ∂Mq†α˙∂Mqα˙ +
µ
2
ωabFabΦ
+
(1
2
Υ¯α˙D˜5Υα˙ +
i
2
µΥ¯α˙Υα˙ + h.c.
)
− (ψS)D˜5(S−1ψ†) + i
2
µ(ψS)(S−1ψ†)
]
,
(5.43)
where AM = {Aµ, Aa}, D˜5 = γµ(Γ3)αβ∂µ + µ(Γa)αβ∇a. This is just the action of a partly spherical
D4-brane with some extra mass terms and 12 supercharges on the worldvolume, or twice as much
in the curved spacetime background! The mass terms break SO(4, 1) Lorentz invariance, which is
not that surprising as the worldvolume itself already breaks it. They are also separately maximally
supersymmetric from the point of view of 3d.16 We will not attempt to make the full supersymmetry
transformations explicit here, as they will be of a peculiar type, but will instead focus on their general
characteristics. We will soon explain in more detail why we must obtain 12 supercharges, but the
D-brane action in curved space must preserve 12 of the supersymmetry of the background.
We now recall how we expanded the various ABJM fields in the classical limit of the sphere.
For the adjoint gauge fields it was done in the usual manner in terms of scalar spherical harmonics,
i.e.A
(i)
µ = (A
(i)
µ )lmYlm(xi), while all other bifundamental fields were expanded in Ylm(xi)g˜
α as
rα = rg˜α + sαβ g˜
β =
[
(r)lmδ
α
β + (s
α
β)lm
]
Ylm(xi)g˜
β
qα˙ = Qα˙αg˜
α = (Qα˙α)lmYlm(xi)g˜
α
ψα = ψ˜g˜α + Uα
β g˜β =
[
(ψ˜)lmδ
β
α + (Uα
β)lm
]
Ylm(xi)g˜β
χα˙ = χα˙αg˜
α = (χα˙α)lmYlm(xi)g˜
α . (5.44)
Simply because of the form of the 2+1 dimensional part of the action, it is natural to expect that
rα must be bosonic and χα˙ must be fermionic. One can get from the initial mass-deformed ABJM
action to the final result (5.43) through replacing rα with the bosonic fields Aa and Φ = 2r+φ (where
sαβ(σ˜i)
β
α = K
a
i Aa + xiφ) and χα˙ with Υ
α
α˙ = (P−S
−1χα˙)α.
16One can easily check that δFab ∝ µωabǫ¯ψ, δφ ∝ ǫ¯ψ, δψ ∝ µφǫ with ψ a generic fermion leave the mass terms
invariant.
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In the same expression (5.43), qα˙ and ψα were left as they were, since similarly the 2+1 dimensional
part of the action implies that they are bosonic and fermionic fields respectively. Even though the
form of the final expressions is extremely simple, this presents a kind of asymmetry in the way we
have treated the fields, as the qα˙, χα˙ still contain a (fuzzy) Killing spinor in their expansion. The
reader might be wondering why we have also not naturally replaced qα˙ with Qα˙α and ψα with ψ˜, Uα
β.
We will see in the next section that this will correspond to twisting the fields, which will turn ψ˜, Uα
β
into a combination of twisted-scalars and vectors, while Qα˙α into twisted-spinors.
An intriguing feature of this result is the following: while in the finite-N construction Qα˙α and
χα˙α can only be expanded in Ylm(Ji), the fact that these fields are (twisted) spinorial means that, on
the classical S2, one should actually expand them in terms of spinor spherical harmonics, i.e.
Qα˙α =
∑
lm,±
(Qα˙)lm,±Ξ±αlm
χα˙α =
∑
lm,±
(χα˙)lm,±Ξ±αlm , (5.45)
with Ξ±αlm as given in (4.19) and also containing the Killing spinor. Hence, the expansion (5.44) must
somehow rearrange itself at large-N . In other words, and according to the new construction presented
in this paper, in the classical limit a spinor index can arise both from the G˜α acting as a (fuzzy)
spherical harmonic or (fuzzy) Killing spinor, and also from the coefficients of the expansion in fuzzy
spherical harmonics, as it is usually done.
This unusual behaviour is related to the fact that in the classical limit, G˜α matches against an
object with 2 spinor indices, global and local, either one of which can be thought of as being removed
by a Weyl projection as was discussed under Eq. (4.35). By the finite-dimensional matrix rules, the
bifundamental matrix qα˙ can only be expanded in Ylm(Ji)× G˜α and we can think of the α index on
G˜α as a global symmetry index. However, at large N it also can be reinterpreted as a local Lorentz
(spinor) index. Since ηα is contracted with the coefficient (Qα˙α)lm, the latter also becomes a spinor.
We conclude this section with a few comments on the action of supersymmetry. The set of N = 6
supersymmetry transformations in 3d and at finite N include [23]
δ(CI)ij = ǫ¯IJ(ψJ)
ij , (5.46)
where we have explicitly written the U(N) × U(N¯) matrix (ij) indices. This could be decomposed
into
δ1C
α˙ = ǫ¯α˙α1 ψα and δ2C
α˙ = ǫ¯α˙β˙2 χβ˙ , (5.47)
where ǫIJ is in the 6-dimensional, antisymmetric representation of SU(4).
At N → ∞ one still has N = 6 supersymmetry. In the classical supersymmetric D4-brane
action (5.43), supersymmetry similarly relates qα˙ with ψα and Υ
α˙
α. The first half of the (global)
supersymmetry transformations
δ1q
α˙ = ǫ¯α˙α1 ψα (5.48)
is of the usual kind, since both qα˙ and ψα are bifundamental matrices at finite N , and ǫ1 does not
act on the matrix structure, as in the classical limit the Lorentz spinor index on ǫ1 naturally appears
from (5.46). On the other hand, the other half,
δ2q
α˙ = ǫ¯α2Υ
α˙
α = ǫ¯2g˜
αΥα˙α , (5.49)
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has a more unusual supersymmetry parameter, since qα˙ is bifundamental while Υα˙α is adjoint, so for
this transformation to make sense away from infinite N , one must decompose ǫα2 as above. That,
however, would mean that supersymmetry would act on the gauge group and hence cannot originate
from (5.46)! In the classical limit, ǫα2 should of course be the same kind of object as ǫ1, a spinor on
the sphere, but the consistency of the N → ∞ limit must be subtle in order to obtain the correct
supersymmetry from the finite-N one.
It is apparent that if one replaced instead qα˙ by Qα˙α and ψα by ψ˜, Uα
β such a problem would be
avoided and the classical limit would be better defined, since all the fields at finite N are then in the
adjoint of U(N), and can be treated on the same footing.
5.3 Twisting the D4 action on the fuzzy S2
Following the above discussion, the alternative way of expressing the action for fluctuations around
the irreducible vacuum is such that all the classical fields on the sphere admit an expansion in the
scalar fuzzy spherical harmonics Ylm(Ji), with the spinorial structure of some fields appearing solely
from the coefficients of that expansion. This is the natural construction for the fields on the fuzzy
sphere but in this picture we will end up with a set of ‘twisted’ fields, in a sense that we will shortly
explain. This affects the transverse fermions χα˙, as well as the expression for the transverse scalars
qα˙ found in [27].
5.3.1 Twisted Compactification vs. ‘Deconstruction’ in the Maldacena-Nu´n˜ez model
We initially review the similar case of [36], in the context of the Maldacena-Nu´n˜ez (MN) model
with IIB 5-branes compactified on S2, preserving N = 1 supersymmetry in 4 dimensions (the mass-
deformed N = 1∗ theory of [37]). As is known from [51], in order to preserve supersymmetry on
D-branes with curved worldvolumes, one needs to twist the various D-brane fields. Specifically, that
means embedding the S2 spin connection, taking values in SO(2) ≃ U(1), into the R-symmetry. As a
result, the maximal supersymmetry one can obtain after compactification to 4 dimensions is N = 1
(corresponding to U(1)R), which the MN twisting indeed does result to. The authors of [36] then
compare the MN twisted compactification with a ‘deconstruction’ of an N = 1∗, SU(N) gauge theory
at large-N and around a fuzzy S2 background, obtaining agreement in the spectrum and action for
fluctuations. We now turn to understanding this twisting procedure, in order to apply the lessons
learnt to the case of the ABJM theory.
First note that there are two ways to understand the twisting: from the point of view of the
twisted compactification on the sphere, as well as from the point of view of the ‘deconstruction’
picture, i.e. by constructing the fuzzy sphere from matrices in the lower dimensional theory, as we
have performed so far.
On a 2-sphere, scalar fields are decomposed in the usual spherical harmonics Ylm(xi) = Ylm(θ, φ)
and can thus give massless fields after compactification (specifically, the l = 0 modes). However, that
is not true any more for spinors and gauge fields. Spinors on the sphere are eigenvectors of the total
angular momentum on the sphere J2i . These are of two types: eigenvectors Ω of the orbital angular
momentum L2i (Cartesian spherical spinors) and eigenvectors Υ of the Dirac operator on the sphere
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−i∇ˆS2 = −ihˆabema σm∇b (spherical basis spinors), whose square is R2(−i∇ˆS2)2 = J2i + 14 . The two
are related by a transformation with a sphere-dependent matrix S. The former are decomposed in
the spinorial spherical harmonics
Ωαˆjlm =
∑
µ=±12
C(l, 12 , j;m − µ, µ,m)Yl,m−µ(θ, φ)χαˆµ , (5.50)
where j = q± = l ± 12 and αˆ = 1, 2, as
ψαˆ =
∑
lm
ψ
(+)
lm Ω
αˆ
l+ 1
2
,lm
+ ψ
(−)
lm Ω
αˆ
l− 1
2
,lm
. (5.51)
Both have a minimum mass of 12R , since the Dirac operator squares to J
2
i +
1
4 = j(j+1)+
1
4 . Similarly,
the vector fields do not simply decompose in Ylm’s, but rather in the vector spherical harmonics
1
R
Tjm =
1√
j(j + 1)
[
sin θ∂θYjmφˆ− csc θ∂φYjmθˆ
]
1
R
Sjm =
1√
j(j + 1)
[
∂θYjmθˆ + ∂φYjmφˆ
]
, (5.52)
with j ≥ 1. It is more enlightening to show the decomposition of the field strength on the 2-sphere,
1
R
csc θFθφ = R
2
∑
lm
Flm
1√
l(l + 1)
∆S2Ylm , (5.53)
with l = 1, 2, ..., thus again only massive modes are obtained after dimensional reduction [36].
Therefore, in the absence of twisting, supersymmetry will be lost after dimensional reduction, since
all S2-fermions will be massive but some massless S2-scalars will still remain. Twisting, however,
allows for the presence of fermionic twisted-scalars (T-scalars), i.e. fermions that are scalars of the
twisted SO(2)T Lorentz invariance group (with charge T ), which will stay massless, and the number
of supersymmetries in the dimensionally reduced theory equals the number of fermionic T-scalars.
In compactifying a 5-brane on S2, one has a SO(4)R ≃ SU(2)A × SU(2)B R-symmetry and a
SO(3, 1) × SO(2)45 (local) Lorentz invariance. One chooses the twisted Lorentz invariance of the
sphere as QT = Q45 + QA, where Q45 is the charge under the original Lorentz invariance SO(2)45,
and QA is the charge under the U(1) subgroup of SU(2)A. The reason this is necessary is because one
needs to identify the U(1) spin connection (‘gauge field of Lorentz invariance’) with a corresponding
connection in an R-symmetry subgroup, i.e. a gauge field from the transverse manifold. Note that
SU(2)B is inert (i.e. unaffected by the sphere) and is thus a truly transverse group that can be called
SU(2)⊥. The true symmetries of the twisted compactification are then SU(2)⊥×U(1)T and the usual
Lorentz invariance SO(3, 1).
The 5-brane bosonic fields are gauge fields AM , 4 scalars φ
m charged under SO(4)R ≃ SU(2)A ×
SU(2)B , with respective indices α and α˙. There are also two spinors, one charged under SU(2)A, λl,
and one charged under SU(2)B , λ˜l. The twisted fields are the ones charged under SU(2)A, i.e. φ
m
and λl. One writes φ
m = − i2(τm)αα˙vαα˙ showing explicitly the α index of SU(2)A, and this field has
twisted spin QT = 0+
1
2 =
1
2 .
17 For λl one writes explicitly the Lorentz SO(3, 1) ≃ SU(2)L × SU(2)R
17Note that we divide the charge used in [36] by 2, preferring to keep the usual notation for spin over the usual
notation for U(1) charge.
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and SU(2)A indices, λ
α
α and λ¯
α˙
α, and decomposes
1
2⊗ 12 = 0⊕1 into a vector and a scalar, thus building
the T-scalar (QT =
1
2 − 12 = 0) Λ from λαα=2, λ¯α˙α=1 and the T-vector (QT = 12 + 12 = 1) ga from λαα=1,
λ¯α˙α=2. The untwisted fields comprise of AM splitting into bosonic T-scalars Aµ and bosonic T-vectors
Aa, and the fermionic T-spinors.
The explicit form for the twisted fields (a bosonic T-spinor, fermionic T-scalars and T-vectors),
is summarised in the action∫ [
− i
2
µΛ¯γµ∂µΛ− i
2
µg¯aγ
µ∂µg
a + µωabG¯abΛ− 2∂µΞ†∂µΞ− 8Ξ†(−i∇ˆS2)2Ξ
]
, (5.54)
where µ is the mass deformation parameter, Gab = ∂agb − ∂bga and as usual ωab = 1√g ǫab is the
symplectic form on the sphere.
We next try to understand why one needs to twist from the point of view of deconstruction, and
why this leads to reproducing the same answer. In ‘deconstructing’ the above action from 4d matrices
(D3-branes), one has SO(3, 1) Lorentz invariance and SO(6)R ≃ SU(4)R R-symmetry, which is broken
by the choice of fuzzy sphere solution to SU(2)1 × SU(2)2 ×U(1) ≃ SO(3)× SO(3)×U(1), where the
U(1) is a charge that rotates the two SU(2)’s, i.e. the SU(2)1 fields have U(1) charge +
1
2 , while and
the SU(2)2 ones −12 .
The fields of the 4d SU(N) D3-brane theory are 6 real scalars combined into 3 complex fields Φi,
gauge fields Aµ and for fermions one SO(3, 1) Majorana spinor ΛA and 3 SO(3, 1) Majorana spinors
ΨiA, where A is a Majorana spinor index and i is an SU(2) index. The bosonic T-spinors are found
by diagonalising the kinetic term for the scalars Φi around the fuzzy sphere background∫
δΦ†i [(1 + J
2)δij − iǫijkJk]δΦj , (5.55)
where δΦi = ai + ibi, so only a diagonal part of the SO(3) rotating ai and the SO(3) rotating bi
survives as the SU(2) ≃ SO(3) symmetry of the action, together with a U(1)T . The (complete
set of) eigenvectors of this kinetic operator are given by the vector spherical harmonics JiYlm and
the spinorial spherical harmonics Ωαˆjlm. This kinetic operator is diagonalised by defining T-vectors
na coming from the vector spherical harmonics and T-spinors ξ
αˆ coming from the spinor spherical
harmonics. Similarly, the kinetic operator for the ΛA,ΨiA fermions is∫
[iΨ¯iǫijkJkΨj + 2iΨ¯iJiΛ− Ψ¯iΨi] (5.56)
and one expands in the same set of complete eigenvectors of the previous operator. After diagonalising,
one defines T-spinors ζ αˆ coming from the spinor spherical harmonics, T-scalars Λ (the same ΛA from
before) and T-vectors ga coming from the scalar/vector spherical harmonics.
Thus analysing the kinetic operators of the deconstructed theory, one finds that its symmetries
are [SU(2)1×SU(2)2]diag ≡ SU(2)⊥ and U(1)T ≡ U(1) exactly as in the compactified MN theory and
as reflected in the final action, whose twisted part is shown in (5.54). However, note that one would
initially have been compelled to call SU(2)1 the SU(2) parallel to the sphere directions, and SU(2)2
the one transverse to them. The U(1)T charge is formally the same as the diagonal U(1) charge inside
the two SU(2)’s.
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Note also that in the above construction, all the fields on the classical S2 appeared as limits of
functions expanded in the scalar fuzzy spherical harmonics, Ylm(Ji), and the various tensor structures
of S2 fields were made manifest by diagonalising their kinetic operators.
Supersymmetry. As seen in (5.54), the kinetic term for the T-scalar/T-vector combination is
ωabGabΛ, and we saw that Gθφ decomposes in
∑
l≥1,m
1√
l(l+1)
∆S2Ylm, whereas Λ decomposes in Ylm
for l ≥ 0. Hence, the minimum, l = 1 mode of Gab couples with the l = 1 mode of Λ, giving a mass
term ∼ g(l=1)Λ(l=1) and as a result all l ≥ 1 modes for both Λ and ga are massive. On the other hand
the fermionic T-scalar Λ(l=0) mode, that becomes a fermion in 4d, gets no mass term, so we get N=1
massless fermions in 4d, thus N = 1 supersymmetry.18
Finally, even though twisting is in general needed in order to preserve the 16 supersymmetries
along the curved space D-brane [51],19 whether or not one gets supersymmetries in the dimensionally
reduced theory is not necessarily known. The only restriction is that after dimensional reduction one
can have at most N = 1 supersymmetry, and in the case above we recover indeed N = 1. But in
principle one could also end up with N = 0 in the dimensionally reduced theory after twisting, i.e. no
massless fermions. That is what we will obtain in the ABJM case.
5.3.2 Compactification vs. deconstruction in massive ABJM
We now come return to the case of the fuzzy S2 in the massive ABJM model, resulting in a D4-brane
theory.
Compactification
From the point of view of the S2 compactification of the D4-brane theory, there is an SO(2, 1)×SO(2)34
(local) Lorentz invariance, and an SO(5)R R-symmetry. Like in the MN case, there is also a global
SU(2)A × SU(2)B ⊂ SO(5)R, and a U(1)A ⊂ SU(2)A subgroup. We define the twisted Lorentz
symmetry (T-charge) QT = Q34 + QA. As before, twisting means that one embeds the U(1) spin
connection (‘gauge field of Lorentz invariance’) on S2 into the connection of an R-symmetry subgroup
(‘transverse’ gauge field).
The D4-brane fields are the 5 real φm’s, the gauge field AM and a 16-real-component spinor Ψ,
which is a SO(10, 1) Majorana spinor obeying the condition Γ012Ψ = −Ψ. We need to decompose the
φm’s under SU(2)A × SU(2)B , by extracting a scalar that corresponds to an overall scale, specifically
φ˜ =
√
φmφm. In the deconstructed theory, this will correspond to the mode giving the ‘size of the
sphere’, Φ. The remaining modes, zm = φm/φ˜, with zmzm = 1, decompose as z
αα˙ and will correspond
to the transverse scalars Qαα˙, transforming under SU(2)A × SU(2)B .
The fermionic fields Ψ must also be decomposed. Initially one can think of them as Dirac spinors
in the 4 of SO(4, 1) and the 4 of SO(5). The compactification reduces
SO(4, 1)→ SO(2, 1) ×U(1)34 and 4→ 2±
1
2 , (5.57)
18We have already discussed how the fermionic T-spinors have no zero eigenvalues on the sphere and thus there are
no corresponding massless fermions in 4d.
19Of course, the background can break some of these 16 supersymmetries, but by the fact that a D-brane is an
endpoint of strings, half the total supersymmetry must be preserved.
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while
SO(5)→ SU(2)A × SU(2)B and 4→ (2,1)⊕ (1,2) , (5.58)
which we then label through the U(1)A charge and SU(2)B ≡ SU(2)⊥ global symmetry as
SO(5)→ U(1)A × SU(2)⊥ and 4→ 1±
1
2 ⊕ 20 . (5.59)
For bookkeeping, we keep the Lorentz indices downstairs, µ = 0, 1, 2 and i = 3, 4, while the global
indices upstairs, α = 1, 2 and α˙ = 1˙, 2˙. We next separate the fermions that carry an SU(2)A index by
labelling them as λαi , while the ones with an SU(2)B global index as ψ
α˙
i , and suppressing the SO(2, 1)
spinor index. If the latter is a real spinor (so that it is e.g. a Majorana spinor of SO(2, 1)) one ends
up with the correct number of degrees of freedom, as the total will add up to 16 real components.
For the gauge fields one has the same decomposition as in the previous subsection: we leave Aµ
as is and define
n± =
1√
2
(A3 ± iA4) . (5.60)
We can now summarise the symmetries for the bosonic fields and their associated U(1)T charges
in the following table
SO(2, 1) U(1)34 U(1)A SU(2)⊥ U(1)T
Aµ 3 0 0 1 0
n± 1 ±1 0 1 ±1
φ˜ 1 0 0 1 0
zαα˙ 1 0 ±12 2 ±12
We can similarly summarise the fermions as
SO(2, 1) U(1)34 U(1)A SU(2)⊥ U(1)T
λαi 2 ±12 ±12 1 02,±1
ψα˙i 2 ±12 0 2 ±12
The five-dimensional fields can then be split up according to their T-charge as
T-scalars: QT = 0 φ˜, Aµ, λ
α=2
i=1 , λ
α=1
i=2
T-spinors: QT = ±12 ψα˙i , zαα˙
T-vectors: QT = ±1 n±, λα=1i=1 , λi=2α=2
Note that once again we have SU(2)B ≡ SU(2)⊥, U(1)T and the Lorentz SO(2, 1) as the only sym-
metries of the twisted compactification.
Deconstruction
In deconstructing the sphere from the 3d ABJM theory, one starts with SO(2, 1) Lorentz symmetry
and U(4) ≃ SU(4) × U(1)M ≃ SO(6)R × U(1)M R-symmetry. The U(1)M is a common phase of
the CI scalars, which therefore corresponds to the M-theory direction that is compactified through
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identification by the Zk orbifold action. Hence, when going to the IIA theory in order to match
with the D4-brane picture by taking k → ∞, the U(1)M is broken and one is just left with SO(6)R.
Moreover, as in the MN case, the SO(6)R R-symmetry is broken by the choice of the fuzzy sphere
vacuum to SU(2)1 × SU(2)2 ×U(1), with the U(1) having opposite charges for the two SU(2)’s.
The picture for the mass-deformed ABJM theory around the fuzzy S2 in terms of twisted fields
(carrying T-charge) is obtained after ‘pulling out’ a G˜α for all the bifundamental fields, so that
one is left with the adjoints of U(N) or U(N¯), as in (5.44). Then, the functions on the sphere are
actually sections of the appropriate bundle; either ordinary functions, sections of the spinor or the
line bundle. Specifically, anything without an α index is a T-scalar, one α index means a T-spinor and
two α indices means a T-scalar plus a T-vector in a (1⊕ 3) decomposition, i.e. the U(1)T invariance
is identified with the SO(2)L ≃ U(1)L Lorentz invariance of the sphere, described by the index α.
Then SU(2)2 is identified with SU(2)⊥.
This agrees with what we have already obtained from the bosonic action, since rα ∼ (r, sαβ) gave
rise to 2 T-scalars (minus one, which due to the Higgsing becomes the physical Aµ polarisation) and
2 T-vector degrees of freedom, while Qαα˙ should give rise to 4 bosonic T-spinor degrees of freedom.
On the other hand the fermions ψI are general (Dirac) 3d spinors, giving 8 complex components, or
8 on-shell degrees of freedom. By extracting a G˜α matrix, one obtains real objects, as was seen for
instance in [27], where the complex parallel scalars rα decomposed into the real objects r and sαβ.
Similarly, χα˙α in Eq. (5.44) is real, as are ψ˜ and Uα
β.
The transverse fermions χαα˙ have 8 real components thus 4 on-shell T-spinor degrees of freedom.
The parallel fermions ψα get split into (ψ˜, Uα
β), that is 8 real components, which will give another 2
fermionic on-shell T-scalar degrees of freedom (that we will call Λ in the following) and 2 fermionic
on-shell T-vector degrees of freedom (that we will call ga in the following).
In summary, the decomposition under deconstruction matches the decomposition of the last table
in the previous subsection for the twisted compactification as follows: The SU(2)⊥ invariance matches
with SU(2)2, while the U(1)T matches the SO(2)L ≃ U(1)Lorentz symmetry of the α index. The φ˜,
Aµ, n± fields match the ones coming from rα, that is φ˜, Aµ, Aa, the zα˙α match Qα˙α, the ψαi match
χα˙α, and finally the λ
α
i match the ψα fields, i.e. Λ and ga.
5.3.3 Twisting the transverse scalars
We move on to show how the above assignments of fields can be obtained from our fluctuation action.
In [27] the transverse scalar kinetic term on the sphere before any rescalings was given by
2µ2N2
∫
d3xd2σ
√
hˆ hˆab
[
(∇˜a)αγQα˙α(1 + xkσ˜k)γβ(∇˜b)βµQµα˙
]
, (5.61)
where the Q’s can be obtained by extracting the Killing spinor G˜α part out of the transverse scalars
qα˙ according to
qα˙ = Qα˙αG˜
α and q†α˙ = G˜
†
αQ
α
α˙ , (5.62)
with
Qα˙α =
(
Qα˙1 , Q
α˙
2
)
and Qαα˙ =
(
Q1α˙
Q2α˙
)
(5.63)
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and with the definition of the covariant derivative appearing in the above as
(∇˜a)αγ = ∂aδαγ +
1
−2i hˆabK
b
j (σ˜j)
α
γ . (5.64)
The expression (5.61) does not look like a conventional scalar kinetic term on the sphere for the
fields Q. However, we will next show how this expression, as well as the associated 3d kinetic term,
can be converted into a kinetic term for bosonic spinors on S2.
We observe that the ‘covariant derivative’ defined20 in (5.64) can be related to the usual covariant
derivative for spinors on S2 through (5.19) as
(∇˜a)αγ =
[
∂a − i
2
SΓαS
−1
]α
γ
= (S∇aS−1)αγ − i(SΓaS−1)αγ . (5.65)
Note that the above is almost the S-rotated ∇a. Then, using (5.65), Eq. (5.61) becomes after some
algebra
−4µ2N2
∫
d3xd2σ
√
hˆ hˆab
[
(Qα˙SP−)κ(∇a∇b)κν(P−S−1Qα˙)ν−i(Qα˙SP−)κ(∇a)κλ(Γb)λν(P+S−1Qα˙)ν
+
1√
hˆ
∂a(
√
hˆ)(Qα˙SP−)λ(∇b)λν(P−S−1Qα˙)ν − i
1√
hˆ
∂a(
√
hˆ)(Qα˙SP−)λ(Γb)λν(P+S
−1Qα˙)ν
]
(5.66)
up to total derivatives. Exactly as in the case for the transverse fermions of Section 5.2.2, it is evident
from the above that one could consider the full complex Weyl-projected (P−S−1Qα˙)α spinor as the
correct variable. Alternatively, one can reorganise them in terms of (modified) Majorana spinors, by
writing
(Qα˙SP+)α =(C
α˙, 0) (Qα˙SP−)α = (0,Dα˙) (5.67)
(P−S−1Qα˙)α =
(
0
−Cα˙
)
(P+S
−1Qα˙)α =
(
Dα˙
0
)
, (5.68)
where C α˙, Dα˙ can be evaluated explicitly, and considering the following combination
Ξα˙α ≡ (Qα˙SP+)α − i(Qα˙SP−) = (C α˙,−iDα˙) (5.69)
with
Ξαα˙ = ǫ
αβΞα˙β =
(
−iDα˙
−Cα˙
)
= −i(P+S−1Qα˙)α + (P−S−1Qα˙)α (5.70)
and the conjugate spinor being
Ξ¯α˙α ≡ (Ξα˙β)†(−Γ3)βα = −i
(
(Qα˙SP+)β − i(Qα˙SP−)β
)
(Γ3)βα = −i(C α˙, iDα˙) . (5.71)
We now re-write the action in terms of the Majorana spinors Ξαα˙. Before performing the substitutions,
note that the spin covariant derivative and the Γa’s do not commute
∇aΓa = Γa∇a − i
2
Γaωija σij . (5.72)
20Here we denote this ‘covariant derivative’ with a tilde ∇˜, to differentiate it from the proper covariant derivative for
spinors on the sphere ∇.
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Let us first concentrate on the last three terms of (5.66). These give
− 4µ2N2
∫
d3xd2σ
√
hˆ
[
−Dα˙Cα˙ −Dα˙ cot θ∂θCα˙
]
, (5.73)
where we have used the identity(
− i∂θ + 1
sin θ
∂φ − i
2
cot θ
)
Dα˙ = −Cα˙ , (5.74)
which can be proved by explicit evaluation. One can easily express −Dα˙Cα˙ = 12 Ξ¯α˙αΞαα˙ but we are
then left with an extra term. However, note that by calculating the following quantity
−2µ2N2
∫
d3xd2σ
√
hˆ
[
Ξ¯α˙α(∇a∇a)αβΞβα˙
]
= −4µ2N2
∫
d3xd2σ
√
hˆ
[
−Dα˙(∇a∇a)22Cα˙ −Dα˙ cot θ∂θCα˙ +
1
2
Dα˙Cα˙
]
, (5.75)
up to total derivatives, the first term in the above expression is also the first term of (5.66). Hence
−4µ2N2
∫
d3xd2σ
√
hˆ
[
(Qα˙SP−)κ(∇a∇a)κν(P−S−1Qα˙)ν
]
= µ2N2
∫
d3xd2σ
√
hˆ
[
− 2 Ξ¯α˙α(∇a∇a)αβΞβα˙ − 4Dα˙ cot θ∂θCα˙ + 2Dα˙Cα˙
]
(5.76)
and the middle term will cancel the similar contribution from (5.73). Finally, with the definition of
the Dirac operator on a sphere of unit radius given by21
− i∇ˆS2 = −iΓa∇a (5.77)
and since
∇a∇a ⊗ 1l2 = Γa∇aΓb∇b , (5.78)
the resulting expression for the transverse scalar kinetic term on the sphere is
N2
∫
d3xd2σ
√
hˆ
[1
2
Ξ¯α˙α((−i2µ∇ˆS2)2)αβΞβα˙ − 3µ2Ξ¯α˙αΞαα˙
]
. (5.79)
To that we need to add the 2+1d kinetic term, which can be easily evaluated to be
−N
2
2
∫
d3xd2σ
√
hˆ
[
∂µQ
α˙
α(δ
α
β + xi(σ˜i)
α
β)∂
µQβα˙
]
= N2
∫
d3xd2σ
√
hˆ
[
− 1
2
∂µΞ¯
α˙
α∂
µΞαα˙
]
. (5.80)
The final answer for the transverse scalars in terms of T-spinors on the sphere is
N2
∫
d3xd2σ
√
hˆ
[1
2
Ξ¯α˙(−i2µ∇ˆS2)2Ξα˙ −
1
2
∂µΞ¯
α˙∂µΞα˙ − 3µ2Ξ¯α˙Ξα˙
]
. (5.81)
One might be worried about the fact that the kinetic term for the T-spinor on the sphere is quadratic
in the Dirac operator. However, as also argued in [36], this makes sense as the kinetic term for a
boson is quadratic in derivatives and it is not possible to lose a derivative from our above redefinition
of fields.
21In the Dirac operator ∇ˆS2 the indices are raised and lowered with the unit sphere metric hˆab.
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5.3.4 Twisting the parallel fermions
We finally decompose the parallel fermions ψα into bosonic quantities, after extracting an explicit
G˜α, due to the bifundamental nature of ψα. This is implemented using the form
ψα = ψ˜G˜α + Uα
βG˜β, (5.82)
with ψ˜ and Uα
β decomposing in terms of fuzzy spherical harmonics Ylm(Ji). The expansion of the
Hermitian conjugate is
ψ†α = G˜†α ¯˜ψ + G˜†βU¯ αβ , (5.83)
however note that in 2+1d the fermions are actually Majorana, so ψ¯ = ψTC, i.e. is related by simply
raising/lowering with ǫστ in the suppressed 3d spinor indices.
We next define
Uα
β =
1
2
Ui(σ˜i)α
β , U¯α
β
=
1
2
Ui(σ˜i)α
β (5.84)
and then split the above into a transverse and two tangential components on the sphere as
Ui = K
a
i ga + ψˆxi , U¯i = K
a
i g¯a +
¯ˆ
ψxi . (5.85)
Having done that, we are now ready to express the parallel fermionic components of (5.8) in terms
of the fields ga and Λ.
Mass terms
For the mass deformation we find22
− iµTr [ψ†αψα] = −iµTr [−(N − 1) ¯˜ψψ˜ + JαβU¯β αψ˜ + Jβα ¯˜ψUαβ + JγβU¯β αUαγ ]
→ iµN2
∫
d2σ
√
hˆ[ ¯˜ψψ˜ − ¯˜ψψˆ + 1
4
¯ˆ
ψψˆ +
1
4
hˆabg¯agb] . (5.86)
3d kinetic terms
Similarly to the above one has
− Tr [ψ†α /∂ψα] = −Tr [−(N − 1) ¯˜ψ/∂ψ˜ + JαβU¯β α /∂ψ˜ + Jβα ¯˜ψ/∂Uαβ + JγβU¯β α /∂Uαγ ]
→ N2
∫
d2σ
√
hˆ[ ¯˜ψ/∂ψ˜ − ¯ˆψ/∂ψ˜ + 1
4
¯ˆ
ψ/∂ψˆ +
1
4
hˆabg¯a/∂gb] . (5.87)
CCψψ terms: ψ˜2-terms
We can use as a starting point Eq. (5.21) and expand the fields accordingly
−2µN
∫
d3xd2σ
√
hˆ
[
ψα((SΓ
aS−1)αβ∂aψ
†β)− i
2
(SΓ3S
−1)αβψαψ
†β
]
= 2µN
∫
d3xd2σ
√
hˆ
[
(SΓaS−1)αβGα∂a(G
†β) ¯˜ψψ˜
22Note that the ga and ψˆ fields obey Fermi statistics, and one can easily prove that e.g. U¯iψ˜ =
¯˜
ψUi.
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+Jα
β(SΓaS−1)αβ(∂a
¯˜
ψ)ψ˜ − i
2
Jα
β(SΓ3S
−1)αβ
¯˜
ψψ˜
]
. (5.88)
Using Jα
β → N2 (xkσ˜k − 1)βα and substituting the relations (A.9) and the traces (B.7) in the final
line of (5.88), we get a simple mass term
3iµN2
∫
d3xd2σ
√
hˆ ¯˜ψψ˜ . (5.89)
CCψψ terms: U2-terms
For the U2-type terms we have
2µN
∫
d3xd2σ
√
hˆ
[
(SΓaS−1)αβ(∂aψ
†β)ψα − i
2
(SΓ3S
−1)αβψ
†βψα
]
= 2µN
∫
d3xd2σ
√
hˆ
[
(SΓaS−1)αβ∂a(G
†γU¯γ
β
)(Uα
µGµ)− i
2
(SΓ3S
−1)αβG
†γU¯γ
β
Uα
µGµ
]
,
(5.90)
which can be split into a term involving a derivative and one without a derivative. For the first we
obtain
−µN
2
4
∫
d3xd2σ
√
hˆ
[ i
2
(δli − xlxi)Tr [(xmσ˜m − 1)σ˜kσ˜lσ˜j σ˜i]U¯jUk
+Kal Tr [(xmσ˜m − 1)σ˜j σ˜lσ˜i](∂aU¯i)Uj
]
, (5.91)
where we have used the identities on the sphere. Using once again the identities on the sphere and
the traces (B.7), we obtain
µN2
∫
d3xd2σ
√
hˆ
[
− iN
2
ωˆabG¯abψˆ +
i
2
¯ˆ
ψψˆ
]
, (5.92)
where Gab = ∂agb − ∂bga and g¯agb = g¯bga. For the second term in (5.90) we obtain similarly
µN2
∫
d3xd2σ
√
hˆ
[
− i
4
hˆabg¯agb +
i
4
¯ˆ
ψψˆ
]
. (5.93)
In total for the U2-type terms we get the simple expression
iµN2
∫
d3xd2σ
√
hˆ
[
− 1
2
ωˆabG¯abψˆ +
3
4
¯ˆ
ψψˆ − 1
4
hˆabgagb
]
. (5.94)
Note that the mass term g¯aga here precisely cancels the mass term coming from ψ
†αψα.
CCψψ terms: U-ψ˜-terms
For the U -ψ˜-type terms we have
2µN
∫
d3xd2σ
√
hˆ
[
(SΓaS−1)αβ(∂aψ
†β)ψα − i
2
(SΓ3S
−1)αβψ
†βψα
]
= 2µN
∫
d3xd2σ
√
hˆ
[
(SΓaS−1)αβ[∂a(G
†β ¯˜ψ)UαµGµ + ∂a(G†γ U¯γ
β
)ψ˜Gα]
38
− i
2
(SΓ3S
−1)αβ[G
†γ U¯γ
β
ψ˜Gα +G
†β ¯˜ψUαµGµ]
]
. (5.95)
Through identities and manipulations all of which we have already seen, we get for the first term
= µN2
∫
d3xd2σ
√
hˆ
[
(∂ag¯a)ψ˜ +
1√
hˆ
(∂a
√
hˆ)g¯aψ˜ + (∂
a ¯˜ψ)ga − 2i ¯˜ψψˆ + iωˆabG¯abψ˜
]
= µN2
∫
d3xd2σ
√
hˆ
[
− 2i ¯˜ψψˆ + iωˆabG¯abψ˜
]
. (5.96)
Since the fermion scalar products are symmetric under exchange, the first three terms in the first line
above have cancelled. For the second term in (5.95) we get
− iµN2
∫
d3xd2σ
√
hˆ
[
¯˜ψψˆ
]
. (5.97)
The final result for the U -ψ˜-terms is simply
µiN2
∫
d3xd2σ
√
hˆ
[
− 3 ¯˜ψψˆ + ωˆabG¯abψ˜
]
. (5.98)
Total result for the parallel fermions
Collecting all the terms the total result from expanding the parallel fermions is
→ N2
∫
d2σ
√
hˆ[(
¯˜
ψ − 1
2
ˆˆ
ψ)/∂(ψ˜ − 1
2
ψˆ) +
1
4
hˆabg¯a/∂gb + iµωˆ
abG¯ab(ψ˜ − 1
2
ψˆ) + 4iµ(
¯˜
ψ − 1
2
¯ˆ
ψ)(ψ˜ − 1
2
ψˆ)]
= N2
∫
d2σ
√
hˆ[
1
4
Λ¯/∂Λ+
1
4
g¯a/∂g
a +
iµ
2
ωˆabG¯abΛ + iµΛ¯Λ] , (5.99)
where Λ ≡ 2(ψ˜ − 12 ψˆ).
Disappearance of ψ˜ + 12 ψˆ parallel fermion mode
The above result shows that the a priori independent quantities ψ˜ and ψˆ combine into a single mode,
in much the same way as it was observed in [27] for the scalar Φ = 2r + φ mode. In that case, the
disappearance of the 2r− φ mode was due to the Higgs mechanism with the degree of freedom being
eaten by the gauge field, which then became dynamical (Yang-Mills). For the fermions however, half
the components are solved by the Dirac equation in terms of the other half, whereas for scalars no
component is lost on-shell, and for a 2d gauge field all components are lost on-shell. For that reason,
the twisting is expected to result in losing some components in the classical limit.
In terms of algebra, the explanation is the same as for the case involving the scalars. Start with
ψα = ψ˜G˜α + U
α
βG˜
β
→ ψ˜G˜α − ǫαβ
(σ˜i)
β
γ
2
(Kai ga +
Ji
N
ψˆ)G˜γ (5.100)
and using
(σ˜i)
β
γ
2N
JiG˜
γ = JβγG˜
γ − (N − 1)G˜γ = N + 1
2
G˜γ , (5.101)
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one gets at leading N
ψα → ψ˜G˜α − ǫαβ
(σ˜i)
β
γ
2
Kai ga −
1
2
ǫαγψˆG˜
γ
= (ψ˜ − 1
2
ψˆ)G˜α +
(σ˜i)α
γ
2
Kai gaG˜γ
≡ 1
2
ΛG˜α +
1
2
Kai gaG˜γ(σi)
γ
α . (5.102)
5.3.5 Final action
Collecting all the terms, the result for the twisted fields is
S =
∫
d3xd2σ
√
hˆ
[
−
(
k
2π
)2 1
8f2
FµνF
µν − N
2µ2
2
FabF
ab − N
2
4
∂µA
a∂µAa +Nf∂µAa∂
aAµ
− f2∂aAµ∂aAµ +N2µ2FabωˆabΦ− N
2
4
∂µΦ∂
µΦ−N2µ2∂aΦ∂aΦ−N2µ2Φ2
+N2
((1
2
Υ¯α˙D5Υα˙ + iµΥ¯
α˙Υα˙ + h.c.
)
+
1
2
Ξ¯α˙(−i2µ∇ˆS2)2Ξα˙ −
1
2
∂µΞ¯
α˙∂µΞα˙ − 3µ2Ξ¯α˙Ξα˙
)
+N2
(1
4
Λ¯/∂Λ+
1
4
g¯a/∂g
a +
iµ
2
ωˆabG¯abΛ + iµΛ¯Λ
)]
. (5.103)
After the rescalings in (5.41) and (5.42), as well as
Λ→ Λ4πls
Nµ
, ga → ga 4πls
N
, Ξα˙α → Ξα˙α
4πls
Nµ
, (5.104)
the final action is
Sphys =
1
g2YM
∫
d3xd2σ
√
h
[
− 1
4
FABF
AB − 1
2
∂AΦ∂
AΦ− µ
2
2
Φ2 +
µ
2
ωabFabΦ
+
(1
2
Υ¯α˙D5Υα˙ +
i
2
µΥ¯α˙Υα˙ + h.c.
)
+
1
4
Ξ¯α˙(−2i
µ
∇S2)2Ξα˙ − ∂µΞ¯α˙∂µΞα˙ −
3
2
µ2Ξ¯α˙Ξα˙
+
1
4
Λ¯/∂Λ +
1
4
g¯a/∂g
a +
i
4
ωabG¯abΛ+
i
2
µΛ¯Λ
]
. (5.105)
This is the twisted action of a D4-brane on S2. Comparing with the twisted action of [36], we see the
same kinetic terms appearing for the twisted fields, which is very encouraging. The only difference
is in the appearance of the mass terms, which reflect the nontriviality of the background that the
D4-brane is probing. This would imply that by dimensionally reducing the theory on the S2 one has
N = 0 (no supersymmetry), since we still have massless 3d bosons (Aµ) but no massless 3d fermions
any more.
But is not so unexpected: In [36], the supersymmetry stayed the sameN = 1 throughout. Starting
with a SU(N) action in 4d with N = 1, and in the classical limit for the fuzzy sphere background,
one obtained a twisted 5-brane action that dimensionally reduces back to the same N = 1. Here by
contrast, we start with an N = 6-invariant action, fuzzy sphere background and fluctuations. By
compactifying the resulting D4-brane action for the fluctuations, we could have at most obtained
N = 1 back in 3d, but in any case not N = 6.
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5.4 Fuzzy sphere vs. fuzzy funnel and gravity dual picture
In this subsection we come back to the issue of the fuzzy funnel in the undeformed ABJM theory.
As was shown in [27], the result for the unrescaled finite-N bosonic action is the same for both the
fuzzy sphere GRVV ground state and the fuzzy funnel BPS solution of ABJM, with the replacement
of µ → 12s . Roughly speaking, the reason is that the derivative ∂s played the role of µ when acting
on the funnel profile Zα ∝ 1√
s
, since ∂s[
1√
s
] = [ 12s ]
1√
s
. All terms proportional to µ in the massive case
were reproduced for the funnel with this substitution.
In the case of the fermionic finite-N fluctuation action however, the only terms explicitly propor-
tional to µ are the mass terms from the original GRVV action, and these cannot be reproduced by
∂s acting on Z
α any more, as can be seen simply using dimensional arguments.23 Hence, the full
unrescaled finite-N fluctuation action around the fuzzy funnel is different from that corresponding to
expanding around the GRVV fuzzy sphere vacuum, and in particular is not supersymmetric.
The only alternative possibility to get the ‘mass’ terms would be from the kinetic term ψ¯∂sψ, if
the fermion ψ were also proportional to 1√
s
. That however means that one would have to accordingly
rescale the fermionic fluctuation ψ. In fact, one needs to rescale even the bosonic fields in order to
get to the standard form of the classical action, but that is also problematic: the derivative ∂s can
act on all fields rescaled by µ ∼ 12s -dependent terms in Eq. (6.5) of [27]. The rescaled action then
looks complicated and incomplete.
Nevertheless, let us pause and ask what one would expect to recover: By comparison with the
fuzzy sphere action, we want to obtain the action for a D4-brane on R2,1 × S2 in the classical limit,
perhaps with extra field configurations turned on in its worldvolume, giving a D2-brane charge. In
fact, based on the supersymmetry analysis at the beginning of this section, one expects half the
supersymmetry of the D4-brane action, with the system corresponding to a D2-brane ending on a D4
(such that Γsǫ = Γ3456ǫ). This would imply that our fluctuation action is missing both the D2-brane
charge on the D4 worldvolume as well as the D2-D4 open string degrees of freedom. Only once these
are taken into account, with a correct analysis of the modes along the s worldvolume direction, should
one expect to find the correct brane action preserving 12 the supersymmetry of the background. As
it is, we can at most deduce that at s → ∞, when µ = 12s → 0 (but is still large enough so that
the fuzzy sphere of radius R ∝ √µ can be considered classical) the fuzzy funnel action coincides
with the fuzzy sphere one. In that case, one is far away from the source of D2-brane charge, and
thus only the D4-brane action remains. As the full picture for the fuzzy funnel case does not extend
straightforwardly from the analysis performed in this paper, we will leave further investigation as an
open question for the future.
We conclude this section by providing a spacetime picture for the D4-brane on the fuzzy sphere,
to further justify why one naturally recovers such a D4-brane action on S2 in the classical limit. It
was argued for the A4-theory case in [22] that the fuzzy sphere ground state for the massive BLG
model in M-theory corresponds to a giant graviton D3-brane in type IIB, wrapping an S3 inside
the maximally supersymmetric pp-wave. With the correct N -membrane picture being captured by
ABJM, one can apply similar arguments for the mass-deformed case of GRVV, where however the
23One would need at least a term proportional to ψ¯∂sC
Iψ, which besides not being invariant, does not have the right
dimension.
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classical limit of the fuzzy sphere ground state contains one subtlety: The massive deformation of
ABJM still corresponds in IIB to considering the maximally supersymmetric pp-wave background,
but now one also has a Zk orbifolding. Moreover, as was also the case in [27], the classical large-N
limit together with the condition for small fluctuations forces us to additionally take k →∞.
By defining the 4+4 coordinates transverse to the IIB pp-wave as ZI = (Zα, Z α˙) with
Z1 = X1 + iX2 , Z2 = X3 + iX4
Z 1˙ = X5 + iX6 , Z 2˙ = X7 + iX8 (5.106)
(and with X± = X0 ±X9), then the giant graviton D3-brane wraps a sphere of radius
|Z1|2 + |Z2|2 = R2 . (5.107)
If one then performs a T-duality along one of the Z α˙ coordinates to type IIA string theory and lifts
up to M-theory on a coordinate X10, the configuration becomes an M5-brane wrapping the S3 and
also extending in X0,X9,X10. Going from BLG to ABJM corresponds to increasing the number of
branes to N , while also dividing the target space by Zk acting by Z
i → e2πi/kZi, which shrinks the
S1 Hopf fibre of the S3 fibration over S2 k times. In the classical large-N , large-k limit one must then
reduce M-theory to type IIA on the shrunk Hopf fibre coordinate as in [27], instead of X10, to obtain
a D4-brane wrapping a classical S2 ≃ S3/S1 and also extending in the coordinates X0,X9,X10.
6 Conclusions and discussion
In this paper we have continued the analysis of the fuzzy sphere/funnel solution for the massive/pure
ABJM model initiated in [27]. In the latter it was shown that the solutions of [23] involved fuzzy
2-sphere configurations, instead of the anticipated 3-spheres, although formulated in terms of bifun-
damental rather than the usual adjoint matter fields. In this work, we have explicitly expressed these
configurations in a way that is completely equivalent to the usual SU(2) construction. The represen-
tations of the GRVV algebra (3.4) in terms of the bifundamental generators G˜α are equivalent to the
ones of the SU(2) algebra in terms of the adjoint Ji. Moreover, since (Ji, G˜
α) can be packaged neatly
in a supermatrix form to give what is known as the ‘fuzzy supersphere’, we additionally obtained the
statement that the latter is equivalent to the conventional bosonic fuzzy sphere. In the classical limit,
g˜α = 1√
N
G˜α become Weyl-projected Killing spinors of S2 (up to a phase that cannot be explicitly
determined), thus suggesting that the G˜α can be thought of as fuzzy Killing spinors on the fuzzy S2.
We also presented generalisations of these statements to the S4 and S8 cases (corresponding to the
second and third Hopf maps), as well as to |CP3 (corresponding to the embedding of the first Hopf
map into the |CP3 Hopf map).
We then obtained the full supersymmetric action for small fluctuations around a D4-brane on
R2,1 × S2, starting from the classical (large-N) limit of the mass-deformed ABJM model around the
fuzzy sphere solutions of [23]. This was done by completing the bosonic part of the fluctuation action,
treated in [27], through the evaluation of the fermionic piece. The latter presented some interest-
ing new features compared to the bosonic case. In particular, it raises the question about how the
spinorial spherical harmonic expansion of spinors appears on the fuzzy sphere. In the usual (adjoint)
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‘deconstruction’ approach of [36] for the fuzzy S2, one first obtains scalar functions expanded in the
scalar fuzzy spherical harmonics Ylm(Ji), with the spinor or tensor structure appearing by diagonalis-
ing the kinetic operators in the classical limit. In our present (bifundamental) construction, a natural
guess would have been to expand in terms of Ylm(xi)g˜
α, given the relation (4.19) between Killing
spinors and spinorial spherical harmonics. However, there are subtle points to this argument. If one
keeps the bosonic/fermionic structure dictated by the 3d part of the action, then the combination
Ylm(xi)g˜
α does indeed appear not only for fermions but also for bosons, and in particular for the set
of transverse scalars qα˙. Moreover, even though we did obtain the usual maximally supersymmet-
ric D4-brane action, the transition from finite to infinite N becomes harder to understand, e.g. the
supersymmetry of the final action cannot be straightforwardly obtained from the finite-N version.
The issue of supersymmetry for D-brane worldvolumes on curved spaces is intimately linked with
the issue of twisting. We have reviewed why twisting is necessary when compactifying a D-brane
theory, and how it can appear when ‘deconstructing’ the theory, by revisiting the closely related case
of [36]. We then applied a similar logic to our problem of interest and found a twisted supersymmetric
D4-brane action, for which supersymmetry is easier to understand. A comparison with [36] yields
various similarities but also significant differences. In particular, in the mass-deformed ABJM case
the dimensionally-reduced, ‘deconstructed’ theory we naturally obtain preserves no supersymmetry,
which is perhaps unexpected though not inconsistent. An interesting consequence of this analysis is
that the fuzzy Killing spinor G˜α allows a unified presentation of twisted and untwisted fields, with
the process of twisting reducing to adding or subtracting a G˜α.
We should comment on the fact that one could never obtain a classical M5-brane action for the
M2-M5 system described by the large-N fuzzy sphere background in this way. As explained in the
introduction, in perturbation theory we are forced to take large k together with large N , and hence
the Zk reduction turns the S
3 into an S2 by modding out the S1 fibre of the Hopf fibration. But
should one expect to find a classical M5-brane action in some limit, perhaps by computing the full
D4-brane action, not just in the approximation of dealing with quadratic fluctuations?
The action of multiple M5-branes is expected to be conformal and hence to have no coupling
constant associated with it. As a result, in a perturbative expansion (for small fluctuations) of any
kind, one should not expect to see the appearance of an M5. Moreover, the D4-brane coupling is
given by
g2YM = gsls = R11 =
√
N
k
µl3p , (6.1)
therefore in the D4-brane perturbation theory that we uncovered, i.e. the quadratic action for which
the ABJM coupling λ = Nk is kept fixed and small, one is always in the type IIA regime. By definition,
the M5 appears at infinite D4-brane coupling, i.e. when N is infinite, if k is of order 1. In that case
however, one would have to have knowledge of the full quantum D4-brane action. It follows that it is
impossible to explicitly see the M5-brane appearing in the classical limit of the fuzzy sphere ground
state. The M-brane dynamics would only emerge in the strong coupling limit of the theory.
It is important to note that, to the best of our knowledge, there is still a puzzle relating to a
discrepancy in the counting of vacua between the mass-deformed gauge theory of [23] and the dual
geometries of [25, 26]. Resolving this issue, as well as completely understanding the space of solutions
of the theory, is of significant interest for the following reason: Solutions of the GRVV algebra in terms
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of same-size reducible representations should correspond to coincident multi-D4-brane configurations
wrapping the same S2, as argued in Appendix C of [27]. It should be straightforward but essential to
show that at the level of the fluctuation action. Then in the strong coupling (k = 1) limit one would
recover a configuration of multiple, parallel M5-branes of M-theory in flat space, albeit with zero net
M5-brane charge, in the same way that in the same limit of ABJM one recovers multiple M2-branes.
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A Identities on the sphere
In this appendix we repeat some useful identities presented in [27]. In obtaining the action for
fluctuations on the (unit) classical sphere one needs to make use of a set of Killing vectors Kai . The
explicit formulae for the latter are given by
Kθ1 = − sinφ Kφ1 = − cot θ cosφ
Kθ2 = cosφ K
φ
2 = − cot θ sinφ
Kθ3 = 0 K
φ
3 = 1 , (A.1)
as in [52]. The relations between Cartesian and spherical coordinates is
x1 = sin θ cosφ
x2 = sin θ sinφ
x3 = cos θ . (A.2)
One can then explicitly evaluate the sets of identities
Kai K
b
i = hˆ
ab
ǫijkxiK
a
jK
b
k = ωˆ
ab =
ǫab√
hˆ
Kai habK
b
j = δij − xixj
Kai ∂aK
b
i =
1√
hˆ
∂b
√
hˆ . (A.3)
Further identities that were used for calculations in the main body of this paper include
xi∂
aKbi = ωˆ
ab
ǫijk∂aK
b
i xjK
a
k = 0
ǫijk∂aK
b
iK
c
jK
a
k × (sym.b↔ c) = 0
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(∂axi)K
a
j = ǫijkxk . (A.4)
From the last relation we also obtain
(∂axi)K
a
i = 0
ǫijk(∂axi)K
a
j xk = 2
ǫijk(∂axi)K
a
jK
b
k = 0 . (A.5)
The 2d gamma-matrices in spherical coordinates can then be obtained with the knowledge of the
vielbeins
eia = diag(1, sin θ) (A.6)
and the fact that in a Cartesian coordinate frame the 2d gamma-matrices are Γi = σi, with i = 1, 2
and σi the usual Pauli matrices. The chirality matrix is given by γˆ3 = −iσ1σ2 = σ3 = Γ3. Then
(Γθ)αβ = (σ1)
α
β and (Γ
φ)αβ =
1
sin θ
(σ2)
α
β . (A.7)
In going between Cartesian and spherical expressions on the sphere we make use of the following
unitary rotation matrix
S =
√
i
(
− sin θ2eiφ/2 −i cos θ2eiφ/2
cos θ2e
−iφ/2 −i sin θ2e−iφ/2
)
. (A.8)
One can then show that
(SΓaS−1)αβ = −Kai (σ˜i)αβ
(SΓ3S
−1)αβ = −xai (σ˜i)αβ
(SP−S−1)αβ = δ
α
β + x
a
i (σ˜i)
α
β , (A.9)
where P± = 12(1± Γ3) are projectors for gamma matrices in 2d.
B Gamma matrix relations and conventions
We first define some conventions for spinors in 2+1d. We will follow the standard ABJM notation of
[53], so that for worldvolume metric ηµν = diag(−1,+1,+1) with µ = 0, 1, 2 one uses Dirac matrices
γµ = (iσ2, σ1, σ3) satisfying γµγν = ηµν + ǫµνλγλ. For completeness, the fermionic indices, which we
will denote with a hat to avoid confusion with other indices, are raised and lowered as θaˆ = ǫaˆbˆθaˆbˆ
and θaˆ = ǫaˆbˆθ
bˆ, with ǫ12 = −ǫ12 = 1, so that ǫaˆbˆǫbˆcˆ = −δaˆcˆ . Note that lowering the spinor indices on
the γ’s makes them symmetric γµ
aˆbˆ
= (− 1l,−σ3, σ1). In terms of notation that will mean that scalar
fermion quantities will imply an index contraction as per the ‘SW-NE’ rule ψ2 = ψψ = ψaˆψ
aˆ.
It can be checked that if one lowers the indices on (σ˜i)
α
β , one gets a symmetric matrix, (σ˜i)αβ =
(σ˜i)βα. Then the same also applies for (Γa)
α
β and (Γ3)
α
β, i.e. (Γa)αβ = (Γa)βα and (Γ3)αβ = (Γ3)βα.
Then it can be easily shown that
(σ˜i)
α
β = (σ˜i)β
α ≡ ǫββ′ǫββ′(σ˜i)β′α′ (B.1)
and thus also
(σi)
α
β = (σi)β
α . (B.2)
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Similarly, one can also prove (using the reality condition for S) that
(SσiS
−1)αβ = (SσiS
−1)β
α
(B.3)
and hence
(SΓaS
−1)αβ = (SΓaS
−1)β
α
(SΓ3S
−1)αβ = (SΓ3S
−1)β
α
. (B.4)
From the above it would seem that one does not need to remember the matrix (horizontal) order in
the indices, but that is not so since there is one exception:
δβ
α ≡ ǫαα′ǫββ′δα′β′ = −δαβ , (B.5)
which means that
GαG
†β = Jαβ → N
2
(xmσ˜m + 1)α
β =
N
2
(xmσ˜m − 1)βα . (B.6)
The following trace identities are also useful
Tr [σ˜iσ˜j] = 2δij
Tr [σ˜iσ˜jσ˜k] = −2ǫijk
Tr [σ˜iσ˜jσ˜kσ˜l] = 2(δijδkl + δilδjk − δikδjl)
Tr [σ˜iσ˜jσ˜kσ˜lσ˜m] = −2i(δijǫklm + δlmǫijk + δklǫmij − δkmǫijl) . (B.7)
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